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The "sense realism" method of instruction had its be­
ginning over 300 years ago. (7:199)^ Review of the litera­
ture since that time has shown many educators repeating and 
strengthening the recommendations of the early instructional 
pioneers, especially in teaching arithmetic to young people.
Many educational reformers inferred that the concept of 
number, and the basic operations of counting and addition, 
can be truly learned and applied only if the student has con­
tact with objects. There are few arguments with this state­
ment in general. Disagreement lies in the extent of contact 
with objects and the length of time between contact and 
formation of the concept.
This study could be termed as part of a search for an 
optimal length in the chain betv/een observation of objects 
and the concept of multiplication. The length of the chain 
is measured both in time and intermediate concepts. Assuming 
a child has developed the concepts of number, counting, and 
addition primarily from observations of objects, can he 
generalize these concepts to multiplication without formally 
returning to the objects ; or will shortening the chain by 
almost daily exposing the child to the objects strengthen the 
development of the concept and skill of multiplication?
Possibly the most consistent idea appearing in the lit­
erature is the use of multiple senses in learning. If a 
child is allowed to touch, move, perhaps even to smell or
These bibliographical references mean the first number 
is the number assigned to the work in the bibliography and 
the second number is the page number.
taste objects, he will more easily develop the attendant 
concepts and skills. Here, too, there is little argument in 
general. The question is the degree to which multiple senses 
should be involved. Realizing all children are in contact 
daily with objects which they may manipulate as they choose, 
will it be beneficial to formally expose them to objects in 
the classroom when new concepts are to be learned? Will 
manipulation of objects utilizing multiple senses be more 
beneficial than observation of pictures and charts to 
strengthen the bond between the concrete and symbolic in 
learning multiplication?
A second, and equally important, question is: Do teach­
ing methods and students interact in the statistical sense of 
interaction? Will a group of students do better given a 
first method of instruction than with a second method while 
a different group will excel when given the second method?
E, P, Torrance found interaction in some areas:
To me, by far the most exciting insight that has 
come from our research is that different kinds 
of children learn best when given opportunities 
to learn in ways best suited to their motivations 
and abilities. Whenever teachers change their 
ways of teaching in significant ways, a different 
group of learners become the stars or high 
achievers, (58:678)
Assuming Piaget (47:15-17) is correct concerning his 
theory on stages of development, a child in the concrete 
development stage who has previously learned the operations 
of arithmetic would probably benefit from the observation and 
manipulation of concrete objects in learning multiplication. 
The child in the formal operational stage may be able to 
generalize or transform his knowledge of addition to develop 
the concepts involved in multiplication from the definition. 
In considering the mental age of children, a. normal 
third-grade class may have a mental age range of about four 
to twelve years. If the stages of development apply to 
mental age, then the students on the lower end of the scale 
would possibly be in the preoperational stage and they would
require a considerable amount of exposure to the concrete 
world while those at the upper end of the scale would be at 
or near the formal operational stage and these would be able 
to generalize their knowledge in addition to mastering 
multiplication without a return to the concrete objects, A 
test for interaction between mental age and the teaching 
procedures should shed some light on this supposition,
R, M, Gagne (3s25) implied that some students attempt 
to solve problems using a visual or spatial terra while other 
students may apply a symbolic or verbal term. Students of 
these different characteristics may well benefit from in­
struction that stresses their methods of attack.
If different instructional methods are developed to take 
advantage of differences in students, a problem of equal im­
portance arises--that of deciding which students are to be 
given the various types of instruction. Educators must be 
able to predict with some degree of certainty the best in­
structional procedures for each student, or the development 
of different teaching methods will be of little value.
Need for the Study
There is controversy at the present time concerning the 
virtues of concrete manipulation, activity-oriented instruc­
tion, and laboratory-type instruction. This author feels 
that much of the controversy is caused by a tendency on the 
part of some theoretists and educational researchers to 
overgeneralize.
The search for optimal teaching methods in mathematics 
may have to be done topic by topic. The fact that a concrete 
teaching method might prove superior in teaching second-grade 
addition and subtraction doesn’t necessarily imply that an 
extension of the same teaching method will be superior in 
third-grade multiplication. One must also guard against 
overgeneralization of teaching methods. The manipulation of 
concrete objects in a set manner prescribed and led by the 
teacher will not necessarily lead to the same results on a
giver, topic as will manipulation of the same objects in an 
uncontrolled "discovery" type of instruction.
The summary of the review of the research, page 28, 
indicates almost conclusively that teaching procedures which 
include manipulation of objects are generally beneficial to 
students in first and second grades. The summary is much 
less conclusive in studies done in the higher grades. This 
leaves the third grade on the boundary between these levels.
Moody, Abell, and Bausell (40) did a study in third- 
grade multiplication only. The instruction in their study 
covered multiplication from single-digit numbers through 
multi-digit numbers in a time period of only four weeks.
The textbook used in the present study recommended about 
twelve weeks to cover this material; some of the other text­
books do not cover multi-digit multiplication until the 
fourth grade. This possibly accounts for the very low level 
achievement of all the groups in the Moody et, al, study, 
Dawson and Ruddel (17) did a study on fourth-grade division 
only. Their results indicate that the concrete method was 
superior in both computational achievement and problem solv­
ing, Three Cuisenaire studies (see page 23) were done on 
the third-grade level with diverse results.
The conflicting results in the above studies indicate 
that further testing is required in the area of third-grade 
multiplication. None of the above studies were designed to 
determine which students benefited most from the different 
types of instruction.
Statement of the Problem
The topic of this study is multiplication and division 
as presented to third-grade students. The teaching methods 
compared were Method S, a symbolic approach in which a text­
book, blackboard and verbal instruction were the only 
methods of instruction; and Method M, manipulation of con­
crete objects in addition to the text, blackboard and verbal 
instruction. Chapter III, Methodology, contains a complete
5description of the teaching methods, and examples of lesson 
plans used in Method M are contained in Appendix A.
From the beginning, the study was intended to be school- 
oriented in order to determine if the teaching methods pro­
duced significantly different results when taught in a 
"typical" classroom by a teacher with no special training in 
mathematics, other than the planning sessions spent with the 
author. The independent variables tested for interaction, 
other than those resulting from the Torrance Creativity Test, 
were of the type readily available to most schools.
The Hypotheses Tested 
All Stated in the Null Form
Ho Ij There is no difference betv/een the two
teaching methods in achievement in 
computational skills and application 
as measured by the post-tests in multi­
plication and division.
Ho II: No interaction exists between teaching
methods and mental ability as measured 
by the Otis-Lennon Mental Ability Test.
(45)
Ho III: No interaction exists between teaching
methods and scholastic achievement 
scores as measured by the Stanford 
Achievement Test.l (54)
Ho IV: No interaction exists betv/een teaching
methods and various forms of creativity 
as measured by the Torrance Test of 
Creative Thinking,^ (59)
^There were eight separate tests in this battery. A 
test for interaction was performed for each test.
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There v/ere four separate tests in this battery, A test 
for interaction v/as performed for each test.
CHAPTER II 
REVIEW OF THE LITERATURE
literature Related to the Teaching Methods
Kieren, in a review of manipulative activity learning, 
stated:
It is obvious from reading the articles or 
the advertisements in any recent mathematics 
teachers' journal on this continent or across 
the Atlantic that the use of manipulative ac­
tivities in the teaching and learning of mathe­
matics is in vogue. « . . Nonetheless it is an 
understatement to say that research is needed 
into the role and effects of manipulative ac­
tivity in mathematics, (38:228)
Moody et. al said:
Piaget, for example, has often been inter­
preted as positing the superiority of ac­
tivity learning: "To know an object is to
act on it. To know is to modify, to trans­
form the object, and to understand the 
process of this transformation and as a con­
sequence to understand the way the object is 
constructed,"
If activity-oriented instruction is more 
effective than more conventional forms of 
instruction, then it should result in either 
higher original learning, higher transfer, or 
higher retention of the instructional content.
If none of these increments are effected, then 
those theoretical discussions which predicted, 
or are interpreted as predicting, increments, 
e.g., Piaget, Bruner and Dienes, are suspect.
(40:208)
The reason for the skepticism of Moody and others is 
mainly attributable to the large gap between experimental 
evidence and the popularity of activity learning in both li' 
erature and usage in the schools. At the present time,
commercial catalogs for school supplies contain many pages 
of manipulative materials and other aids that involve stu­
dent participation. In workshops, the topics of activity- 
oriented materials, concrete manipulation and mathematical 
laboratories are very popular.
The December, 1971• issue of The Arithmetic Teacher was 
devoted almost entirely to the topic of mathematics labora­
tories, While the articles in this issue don't seem to be 
as skeptical as the statements by Kieren and Moody, they did 
recommend caution on the part of teachers to carefully 
evaluate methods of instruction and the devices used to 
teach the different topics.
On the other side of the gap, the research has been in­
conclusive, Only a few studies have shown the use of manipu­
lative aids superior to all other methods; but, on the other 
hand, even fewer have shown that the use of manipulative 
aids obtains poorer results than other methods.
A Brief History
It is doubtful if one could designate a starting point 
for the theory of concrete manipulation. Activity learning 
was not of much consequence in formal education as handed 
down from early Greece and Rome, Roger Ascham (1515-1588) 
summed up the feeling of the teaching theory that prevailed 
from the classical Greeks to his time as "Learning teacheth 
more in one year than experience in tv/enty; and learning 
teacheth safely when experience maketh more miserable than 
wise." (7:185)
The type of instruction known as "sense realism" had 
its beginning in the seventeenth century. Brubacher con­
sidered Comenius (1592-1670) as the earliest realist and "The 
man who has most often been called the first modern educa­
tor . . . "  Possibly Comenius' most outstanding achievement 
was that of writing the first textbook employing pictures as 
a teaching device.
Comenius looked upon methods of instruction as the most 
important area in all of education:
8As soon as we have succeeded in finding the proper 
method, it will be no harder to teach schoolboys, 
in any number desired, than with the help of the 
printing press to cover a thousand sheets daily 
with the neatest writing . , , (7:201)
Comenius laid down the general rule that everything 
should be taught through the senses» " . . .  one should 
try to employ more than one sense at a time, for senses like 
hearing and seeing will then reinforce each other. Imagine 
trying to teach physics without recourse to sensory experi­
ence at all." (7:200)
Following Comenius in rapid succession were such edu­
cators as John Locke (1632-170^), the great English educator, 
and Johann Julius Hecker (1707-1768), the founder of the 
German "Kealschuleboth of whom prescribed " . . .  peda­
gogy appealing to the senses through concrete objects in the 
child's environment . . . "  (7:203)
While the men above opened the way to a theoretical 
position, it remained for Jean Jacques Rousseau (1712-1778) 
to formalize the theory of teaching through the senses. 
Rousseau also recommended such teaching procedures as dis­
covery and freedom to inquire as the child sees fit. (7:204- 
205) These procedures, like activity learning, are popular 
today.
Johann Heinrich Pestalozzi (1746-1827) did much to put 
Rousseau's theory to practical use. Warren Colburn (1793- 
1833) wrote the textbook. First Lessons in Arithmetic on the 
Plan of Pestalozzi, that was popular in early America. 
Brubacher noted: "Colburn . . . based his book on the as­
sumption that the concept of number is first acquired by 
observing sensible objects." (7:210) Florian Cajori gave 
this account of Colburn's first lesson:
Instead of introducing the young pupil to the 
science of numbers, as did old Dilworth, by the 
question, "What is arithmetic?" and the answer, 
"Arithmetic is the art or science of computing 
by numbers, either whole or in fractions," he 
was initiated into this science by the following 
simple question: "How many thumbs have you on
your right hand? How many on your left? How 
many on both together?" The idea was to begin 
with the concrete and known instead of the ab­
stract and unknown, then proceed gradually by 
successive steps to subjects more difficult.
(9:106-107)
Colburn’s procedure of going from the concrete to the 
abstract would still be timely today but, also as today, his 
recommendations were not universally accepted, as pointed 
out by Daniel Adams:
Instructors of academies and common schools have 
been so long attached to the old synthetic method 
of instruction, that, unhappily, many are still 
(1829) strongly opposed to the introduction of 
the valuable works of Colburn. (9:10?)
There were many successors to Rousseau and Pestalozzi 
in the nineteenth and early tv/entieth centuries. Of all 
American educators, John Dewey (1859-1952) is generally con­
sidered to have made the greatest contribution to educational 
methods. (7:228) Dewey’s "Problem Method" relied on the 
child's natural tendency for activity. He used activities 
both to clarify the child’s understanding and to stimulate 
his interest. Dewey insisted:
. « . there is no such thing as genuine know­
ledge and fruitful understanding except as the 
offspring of doing. The analysis and rearrange­
ment of facts which is indispensable to the 
growth of knowledge and power of explanation 
and right classification cannot be attained 
purely mentally— just inside the head. Men 
have to ^  something to the things when they 
wish to find out something; they have to alter 
conditions. (18:321)
Dewey warned that activities should not be done for the mere 
sake of activity but they should be selected and directed to 
lead to the desired learning, an observation that is still 
timely. (19:86)
In 1902, Ee H. Moore, in a speech as the retiring presi­
dent of the American Mathematical Society, talked of the 
dangers of over-abstraction in all levels of mathematics.
The editors of the first yearbook of the National Council of
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Teachers of Mathematics felt Moore's talk was still timely 
in 1926 and published it under the title, "On the Foundations 
of Mathematics :"
Would it not be possible for the children in the 
grades to be trained in power of observation and 
experiment and reflection and deduction so that 
always their mathematics should be directly con­
nected with matters of thoroughly concrete char­
acter? The response is immediate that this is 
being done today in the kindergartens and in the 
better elementary schools. (41*4$)
A Theory of Concrete Manipulation in Teaching 
Mathematics in Primary Schools
The use of manipulative material or concrete objects in 
today's education is extensive. Not many educators recom­
mend, as did Rousseau and Dewey, that the student be sent to 
the farms or the factories to become involved in life, but 
rather that the objects be brought into the classroom. In 
some instances, realism is employed in the form of play 
stores or kitchens, etc., but often devices such as pegs, 
pebbles, or rods are designed to simulate the actual object.
As previously stated, much of the theory recommending 
concrete manipulation is centered around two ideas: (1) The
concept of number is first acquired by observing many 
objects, (2) One should teach all things through the senses 
and employ more than one sense in the learning process,
Piaget used a merger of these two ideas as a foundation 
for teaching children. He asserted that a mathematical con­
cept doesn't come from the objects but from the actions per­
formed on the objects. He used the illustration of a child 
counting a set of pebbles. No matter how he arranges the 
pebbles when he counts them, he arrives at the same number, 
Piaget said: "He did not discover a property of pebbles; he
discovered a property of the action of ordering. The pebbles 
had no order. It was his action which introduced a linear 
order or a cyclical order, or any kind of order." (47:12) 
Piaget contributed a great amount to the literature of 
teaching procedures. Perhaps his best-known works are his
11
formalizing of the stages of the child's development and his 
prescribing of material and teaching procedures appropriate 
for the various stages.
The first stage of the child's development that Piaget 
distinguished is the sensory-motor stage, lasting approxi­
mately two years. (12j15-17) In this stage, the child is 
restricted to direct interaction with his environment.
Lasting roughly to age seven, the preoperational stage 
comes next. It is during this period that symbolic repre­
sentation takes meaning, mostly in the form of language but 
also in pictures.
During the next period, approximately seven to eleven, 
the child passes through the concrete operational stage. At 
this time, the child uses the concepts of conservation and 
invariance, etc., when various operations are performed.
Copeland stated that the term "concrete operational" is 
given to this stage
. • . because the child is obtaining ideas from 
operations on such concrete objects as water, clay, 
etc. At the beginning of the concrete operational 
level; the ideas of a child are based on observa­
tion and experience with objects in the physical 
world, but he is beginning to generalize or break 
away from manipulations of objects as a way of 
"knowing," When these generalizations are com­
plete and correct, the child is at the concrete- 
operational level, (12;16)
Copeland interpreted Piaget as saying that the stages 
are not fixed at age levels, but vary from person to person 
and also from concept to concept:
The preoperational period is often described as 
lasting from two to seven years of age. However, 
this is only a rough guide . , . For some mathe­
matical concepts, children do not leave the pre­
operational stage until nine or ten years of age.
(12:15)
The fourth stage is the formal operational: " . . .  he
can now reason on hypotheses, and not only on objects. He
constructs new operations, operations of prepositional logic,
and not simply the operations of classes, relations and
12
numbers." (47:9-10) On the teaching of multiplication 
Piaget said:
• • 0 the construction of additive operations and 
that of multiplicative operations are bound to­
gether. It is wrong to think of additive struc­
tures as being established first . . . these two 
structures develop through parallel stages, and 
in close mutual dependence (at about seven to 
eight years of age) they constitute a single 
operational organization . • • (48:195)
Piaget considered that a child reaches an understanding 
of the concept of multiplication when he is able to divide 
a set of m X n elements in m equal sets by developing an 
n to 1 correspondence0 Copeland said:
. . .  it is the reversibility involved in multi­
plication and division . . . that is impossible 
for many children below the operational level of 
approximately seven years of age.
Multiplication and division, because of 
their inverse relationship, must both be under­
stood if either is to be understood, (12:113)
Copeland summarized Piaget’s approach to teaching multi­
plication: " . . .  concrete materials are manipulated by
children in order to develop an understanding of the basic 
addition and multiplication facts," (12:118)
Bruner, who said that Piaget is " , , , unquestionably 
the most impressive figure in the field of cognitive devel­
opment today," (8:7) expanded on the need for concrete 
examples:
We have already remarked that by giving the child 
multiple embodiments of the same general idea ex­
pressed in a common notation we lead him to "empty" 
the concept of specific sensory properties until 
he is able to grasp its abstract properties. But 
surely this is not the best way of describing the 
child’s increasing development of insight. The 
growth of such abstractions is important. But 
what struck us about the children as we observed 
them is that they not only understood the ab­
stractions they had learned, but also had a store 
of concrete images that served to exemplify the 
abstractions. When they searched for a way to 
deal with new problems, the task was usually
carried out not simply by abstract means but also 
by "matching up" images, (8:65)
Many other educators have expressed the need for manipu­
lation of concrete objects as shown in the following quotes, 
Dienes said: "In an entirely fluid and objectless world, it
is hard to imagine that the concept of natural number could 
arise , . (20:13) Dienes also stated:
A visual aid, or any other single "aid," although 
no doubt better than no aid, merely links the 
symbolism of mathematics to a visual. eoj.).ivalen-t 
The "picture" of the concept is not the concept 
itself , . , It is the realization of the com­
mon properties of a great many different such 
representations that constitutes the mathematical 
insight, (20:16-17)
The entire volume of the eighteenth yearbook of the 
National Council of Teachers of Mathematics in 19^5 was de­
voted to "Multi-Sensory Aids in the Teaching of Mathematics," 
Edith Sifton stated in the opening chapter that " . , , chil­
dren learn through other avenues than their eyes and ears—  
for example, their hands," (52:1) As an example, she cited 
teaching the concept of a remainder when dividing 11 by 3;
Miss Smith could go over the work carefully at the 
board $ , , She might even make a row of eleven 
marks on the board, cross them off three at a time 
, * , But suppose that, instead, she tells you to 
take some of the small log cabin blocks and asks 
you to show her how many threes can be made with 
eleven of them. Wouldn't you prefer to acquire 
division facts with your hands and eyes, as well 
as your head? Wouldn't you understand them better 
and remember them longer? (52:7)
In advocating the use of laboratories in mathematics 
classrooms, L, Grace Carrol stated that while multi-sensory 
aids were introduced by Rousseau, Huxley and others over a 
century ago, in the present-day high school
, s . classical subjects which antedate Huxley,
Spencer, Rousseau, and the activity program are 
all too commonly taught by the medieval methods 
of lecture, question, and answer. Except, per­
haps , for the difference in dress and attitude 
of the students, a casual visitor might be
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unable to tell the difference betv/een many 1944 
classrooms in mathematics and their prototypes 
of the Middle Ages. (11:16)
The urge to use more manipulation of materials and 
activity-oriented instruction has been steady. In 1956. 
Fehr. in School Science and Mathematics, said:
Laboratory procedures in which physical 
objects are counted, measured, subjected to 
formation, and built to scale are being em­
ployed in the modern classroom. All mathe­
matical learning can ultimately be traced 
back to some sensory experience, even though 
at times the chain may be long and nebulous,
(26:118)
In the twenty-first yearbook of the National Council of 
Teachers of Mathematics Van Engen stated:
This concept of the part that actions, or 
manipulations, play in the development of con­
cepts of the first order is of utmost importance 
to the teacher. Children and adolescents use 
manipulatory experiences to develop primitive 
concepts, and those concepts which are more 
nearly related to the action world of the child 
are the ones that are more easily developed,
G G G Books, paper, pencils, blackboards, and 
the drill exercises which usually accompany 
these instructional tools are not sufficient 
except, possibly, for that relatively small 
percentage of pupils v/ho are symbolically 
lainded. Today's schoolrooms are barren of 
those small inexpensive objects which provide
those opportunities for perceptual and manipu­
latory experiences for which the average child 
can abstract and generalize in order to take 
the first steps in formulating a concent.
(62:86)
Max Beberman continued urging the use of manipulative 
materials: "We need to involve students in problems whose
solutions require the use of manipulative processes. But
the problems must make sense to the students, and the stu­
dents must be allowed to invent the methods of solution." 
(1:37)
In the March, 1964, issue of The Arithmetic Teacher,
V/, J, Sanders wrote:
15
The excitement of mathematics comes from discover­
ing how it works, not in drilling on rules that 
someone tells you.
Each child must actively work with the model 
himself. It must not be just a teacher demon­
stration. (50:165)
Robert Davis, noting that in 19&5 the almost universal 
method of instruction in the American classroom consisted 
of teachers in front of the classroom with the students lis­
tening, talking, reading or writing, with an almost complete 
lack of physical apparatus, offered as an alternative :
A greater use of physical material in mathematics 
classes, a greater diversity of types of experience 
in the child's day, the identification and early 
introduction of basic mathematics ideas and more 
emphasis on student originality and creativity 
within the school mathematics program . . . (16:355)
The January, 1970, and December, 1971 « issues of The 
Arithmetic Teacher were devoted almost entirely to mathematics 
laboratories and manipulative material, and both repeated the 
request for more laboratories and more manipulation. There 
was a difference in the December, 1971• issue as compared to 
the earlier articles and books— that of a more cautious atti­
tude. Robert E. Keys stated the reason for the caution:
Many prominent mathematics educators have 
strongly urged greater use of manipulative mate­
rials in teaching mathematics. The rationale for 
this emphasis seems educationally sound. Unfor­
tunately, research studies in this area have not 
been conclusive in either supporting or refuting 
the value of these aids. (49:552)
Vance and Kieren also warned that
. 0 . haphazard or faddish use of the notions of 
"experience" and "activity" in mathematics may be 
undermining the achievement of the essential cog­
nitive goals of the mathematics program. (61:585)
The research indicates that students can learn 
mathematical ideas from laboratory settings.
However, in maximizing achievement on cognitive 
variables, other meaningful instruction appears 
to work as well if not better. (61:588)
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A Review of the Related Research
Before starting the review of the various research 
papers, a few terms will he defined to help clarify the 
materials
The Active Concrete Method: A method of in­
struction that involves some object which is 
handled by the student» Any method of in­
struction that involves a multi-sensory im­
pression, primarily touch and muscular action, 
in addition to sight.
The Passive Concrete Methods Concrete objects 
are used but only In teacher demonstration.
The Semi-Concrete Methods This method involves 
a representation of physical objects in the 
form of pictures, charts or cards.
The dividing line between methods is not distinct. The last 
two methods are closely related because the sense of sight 
is primarily involved. It is also difficult to differen­
tiate between active concrete and semi-concrete because a 
set of cards with pictures of different numbers of elements 
would probably be considered semi-concrete; however, if the 
cards are moved about and overlapped to form single sets, a 
form of concrete manipulation is taking place.
The following studies compared concrete and serai- 
concrete raethods with traditional methods in teaching arith­
metic o
Howard— 19^7 (33)« In teaching fractions to fifth- and 
sixth-grade students, three teaching methods were used— a 
symbolic approach that made use of extensive drills, a con­
crete method that involved the use of concrete teaching aids, 
and a third method that contained a combination of the first 
two. Howard's tests measured computation, application and 
understanding, but no significant differences were detected 
among the three methods on the post-test given immediately 
after the course of study. However, a test given after the 
summer vacation to measure retention showed the third, or 
combination, group scored higher.
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Neureiter, Troisi— 1952 (#): This study was similar
to Howard's except only two teaching methods were employed 
to teach sixth-grade students fractions— a concrete method 
and an abstract, or symbolic, method. Two testing programs 
were given, one to evaluate computational ability and a 
second to test for understanding and application. No dif­
ference was detected between the groups in computational 
skills but the concrete material group was significantly 
superior in the application and understanding test,
Dawson. Ruddel— 1955 (17): Concrete and abstract teach­
ing methods were used to teach division on the fourth-grade 
level. The experiment ran one semester and the subjects were 
tested in computational achievement and the ability to solve 
problems involving application of division. In both tests, 
as well as in repeated tests to show retention, the group 
using concrete aids was significantly superior,
Gibb— 1956 (28): Among the variables tested in this
study on second-grade children involving instruction in sub­
traction was method of instruction, Gibb used three teach­
ing methods— a concrete method involving small dolls and 
other objects; a semi-concrete method that used pictures of 
discs on cards; and an abstract symbolic method. The sta­
tistical analysis of the post-test indicated that a differ­
ence among the means existed at (P = ,01), The order of 
preference was semi-concrete, concrete and abstract,
Swick— 1959 (55): In a different type of study, the
two methods compared were the "traditional" method in use in 
the Kingsport, Tennessee, school system in 1953-54, and an 
experimental method that included extensive use of multi- 
sensory aids. The grade levels were from two through five. 
After the students were given a test, the experiment started 
and the study was divided into two time periods. During the 
first period, the entire group was given the "traditional" 
method of instruction after which the same test was repeated 
and the progress recorded. During the second period, the 
multi-sensory method was used on all subjects. The same test 
was again given and the progress reported from the previous
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test. A statistical comparison was made on the amount of 
improvement made during the two instructional periods. The 
multi-sensory method had students scoring significantly 
higher in both computation and reasoning. No differences 
were detected between the attitude test scores of the two 
groups. Swick concluded that "The success of the program 
was revealed in better teaching attitude toward arithmetic 
and in continued use of multi-sensory aids," (55»ab)^
Jamison— 1962 (35)* This experiment was done on the 
seventh-grade level in which the students studied arithmetic 
bases other than base ten. Three teaching methods were used 
in the study— concrete, in which the students actively used 
a small variable-base abacus; passive concrete, in which the 
teacher demonstrated on the large variable-base abacus; and 
a third method in which the only teaching aid was a black­
board and chalk. The instructional time lasted five days 
and the statistical analysis of test scores measuring the 
students* understanding and computational skills showed no 
significant differences,
Schippert— 1964 (31): For a period of one semester in
the seventh grade, two teaching methods were employed using 
the S.M.S.G. text Mathematics for Junior High, Volume I,
Part I, One method, a "laboratory method," had the students 
manipulate objects to help learn mathematical principles, A 
second method, the "abstract method," used only verbal and 
written descriptions to represent mathematical principles.
The analysis of the tests in arithmetic skills indicated a 
significant difference favoring the laboratory group. No 
difference was detected in attitude change toward mathematics 
on the Button's scale,
Ekman— 1966 (24): In instructing third-grade students
on addition and subtraction algorithms, Ekman*s methods were 
abstract, semi-concrete (using pictures) and concrete
^Indicates quote is taken from the dissertation 
abstract.
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(manipulation of discs). He reported the concrete method 
students scoring higher than the first two in understanding 
at the 3*5 per cent level in the post-test and at the 15 
per cent level after a four-week delay. In a "transfer 
scale," the students using the concrete and semi-concrete 
methods were superior to those using the abstract at the 8 
per cent level on the post-test, and students under the con­
crete method were superior to the other students at the 4 
per cent level after four weeks. On his "skills scale," 
Ekman noted that the concrete and semi-concrete methods were 
superior to the abstract initially at the 20 per cent level 
with no difference after the retention period, Ekman con­
cluded that " , , , use of even the simplest and most inex­
pensive manipulative materials with third grade pupils is 
desired over pictures or algorithms only," (22:ab)
Trueblood— 196? (60); During this active versus pas­
sive concrete teaching procedures experiment, 7 fourth-grade 
teachers volunteered to teach 21 lessons about exponential 
notation and non-decimal bases. Teaching method one, T-I. 
allowed the students to manipulate the aid. Teaching method 
two, T-2, had the teacher demonstrating the aid while the 
student watched and offered suggestions, T-2 was marginally 
superior to T-1 in the post-test at (P = ,10), No differ­
ence was noted in retention.
Toney— 1968 (56); Two groups of fourth-grade students 
were instructed by active manipulation and by teacher demon­
stration for an entire semester. The students were given 
two tests, one to evaluate achievement in computation and 
one to evaluate understanding. No significant differences 
were noted between the means of the two groups in either 
test. However, in improvement the active manipulation 
method students scored higher in each test,
Weber— I969 (64): In teaching mathematical concepts to
the beginning first-year student, two teaching methods were 
evaluated, Weber defined the methods as: (1) Reinforcement
of mathematical concepts through the use of paper and pencil 
follow up, (2) Reinforcement of mathematical concepts
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through the use of manipulative and concrete material for 
follow-up activities. Post-tests were the Metropolitan 
Readiness Test and an author-made oral test of understanding. 
No significant differences were noted on ihe M.R.T., although 
a definite trend favored manipulation material. Children 
from the manipulative group scored significantly higher on 
the oral test of understandings The Weher study was de­
signed to detect interaction among a number of variables as 
will be reported on page 2?.
Bisio--1970 (5)1 Bisio tested the comparative effec­
tiveness of three methods of teaching addition and subtrac­
tion of like fractions to fifth-grade students. In the 
treatments, A involved no use of manipulative material; B 
used manipulative material demonstrated by the teacher; and 
C allowed the student and teacher to manipulate the material. 
No significant difference between means was detected in an 
analysis of variance test for the entire population. Hov/- 
ever, in a high socio-economic area the group receiving the 
passive instruction (B) was significantly higher in compu­
tational skills than Group A, non-use. There was no signi­
ficant difference between A and C or B and G in the high 
socio-economic area. From this Bisio concluded:
While the actual use of manipulative material 
appears to fit the need of most students, and 
is better than non-use, the passive use of 
material appears equally effective. Therefore, 
the passive use of manipulative material is an 
adequate exposure, with minimum cost of time 
and money, for the beginning student of 
fractions. (5«77)
Carmody— 1970 (10): Concrete, semi-concrete and
symbolic approaches were examined for their effect on the 
learning of number bases, properties of odd and even numbers 
and tests of divisibility. The testing system evaluated 
both computation and transfer. Statistical analysis of the 
test scores indicated statistical differences favoring the 
semi-concrete over symbolic on the computation test at 
(P = .05) and both the concrete and semi-concrete over the
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symbolic at (P = .01) in transfer. Carmody summarized the 
study:
The experiment supported the use of concrete 
or semi-concrete material if the goal is transfer.
The theory emphasized the importance of having 
specific behavioral objectives for the use of con­
crete aids and of recognizing the many factors 
that must be considered in deciding their use.
(10:ab)
The necessity of distinguishing between the physical situ­
ation to which a mathematical concept is related and the 
media used for establishing the relationship was also indi­
cated by the study.
Curry— 1970 (15): "Clock arithmetic," both modulo 12
and modulo 8, was taught in this study conducted on a third- 
grade group of students. Three teaching procedures were 
evaluated— a concrete method, in which the students were 
given clock faces with movable hands; a semi-concrete pas­
sive method, in which the teacher demonstrated on pictures 
of clocks; and an abstract method. Computational and under­
standing tests were given. Curry reported in the results;
A. The combined concrete and semi-concrete 
groups scored higher than the abstract 
group on all but the properties test 
taken without the use of aids,
B. The concrete group scored higher than 
the semi-concrete group only on the 
properties test on which they were per­
mitted to use clocks, (15:ab)
In conclusion, Curry said:
A. Methods providing concrete materials or 
pictures resulted in greater computational 
skills and greater understanding of prop­
erties by third graders than did a verbal 
method , . .
B. Providing concrete materials may foster 
better understanding of mathematical 
properties and principles but not greater 
computational skills than providing 
pictures, (15:ab)
Moody, Abell and Bausell--1971 (41): The instruction
was presented to third-grade students for four weeks. Four
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teaching methods were employed to teach multiplication. The 
four methods were: (A) The activity-oriented treatment,
which consisted of multiplication instruction starting each 
day with activities in which all subjects manipulated the 
material in each training session. No emphasis was placed 
upon memorization of basic facts or algorithms. (R) The 
rote treatment, which consisted of instruction in the multi­
plication unit of American Book Company's Developing: Mathe­
matics. Emphasis was placed upon memorization of basic 
multiplication facts and algorithms. (RW) The rote-word 
problem treatment, which consisted of the same multiplica­
tion instructions as R with the addition of practice in 
solving multiplication word problems. (0) The control 
group which received further instruction in addition only.
The teaching procedures were evaluated by four tests on com­
putation and transfer to applied problems immediately after 
the teaching period and after six weeks' time. The only 
significant difference shown was that the average of the 
three means of teaching methods A, R, and R\'i was greater 
than the mean of method G at (P = .02) in the computation 
test given immediately after the instruction,
Johnson— 1970 (]6): To evaluate the effects of teach­
ing methods on the topics of number theory, measuring, 
rational numbers, and topics in geometry, the instruction 
was done on the seventh-grade level for an entire year. The 
methods of instruction were: (A) Text. Exclusive use of
the textbook as the only mode of instruction. (B) Activity. 
Exclusive use of instructional modes other than textbooks,
(C) Enrichment, A textbook-based mode which was augmented 
by enrichment activities from treatment B. Achievement tests 
in computation, application and understanding and a test on 
attitude toward mathematics were given to evaluate the teach­
ing procedures. Johnson concluded that if activities become 
the dominant feature of instruction (method B), the achieve­
ment of the students appears inferior to the achievement of 
the students who have little or no activity. Johnson said
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no difference was noted in the achievement between A and C.
No difference was detected in attitude toward mathematics 
among the three groups.
A large number of studies have been done evaluating the 
use of "Cuisenaire Rods." In this system, the rods are made 
in different lengths of one, two, three, etc., centimeters 
to represent the concept of number. Typical of the Cuisen- 
aire studies are the following.
Brownell— 1966 (6): Even though there were significant
differences detected in this large study done in both England 
and Scotland in grades one through three, the results were 
inconclusive. In Scotland, the Cuisenaire method was supe­
rior to a traditional approach in "meaning abstraction." In 
England, the reverse was true; that is, the traditional was 
superior to the Cuisenaire method. No differences were 
detected in computation.
Crowder— 1965 (14); Hollis— 1965 (32); Fedor— 1965 (25)» 
These studies were done on the first-grade level and the out­
comes varied, Crowder and Hollis' outcomes implied that the 
students using the Cuisenaire method scored higher than those 
students under the traditional method. Fedor indicated no 
significant difference and expressed a common criticism in 
using the Cuisenaire method for beginning students by noting:
1. Counting is a logical basis for beginning 
initial number experiences.
2. The use of color inhibited the initial 
study of rod relationships. (25»ab)
Fedor did, however, suggest that "Aspects of the Cuisenaire 
program should be incorporated into our present programs," 
(25»ab)
Nasca— I966 (42)» Nasca conducted a study on the 
second-grade level. The students under the Cuisenaire 
method scored significantly higher than those under the tra­
ditional method in computational skills with no significant 
difference in understanding.
Lucow— 1964 (39); Hays— I963 (30); Passy— I963 (46):
All these men did studies on third-grade students. Hays
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found no signficant differences on a post-test in multi­
plication. Lucow*s findings opposed this viewpoint. Stu­
dents from the rural areas were superior when given the 
Cuisenaire method compared with a traditional approach. 
However, there were no detected differences for students 
from the city. Passy had the most significant results and 
concludedI
1. The group using Cuisenaire materials in a 
modified elementary mathematics program 
achieved significantly less in computa­
tional skill than either of the two com­
parison populations,
2. The group using Cuisenaire materials in a 
modified elementary mathematics program 
achieved significantly less in mathe­
matical reasoning than either of the two 
comparison populations.
3. The group using Cuisenaire materials in a 
modified elementary mathematics program 
achieved significantly less than either 
of the two comparison populations at each 
level no matter what the manner of strati­
fication. (46;ab)
Nelson— 1964 (43); Nelson reviewed 50 experiments on 
the Cuisenaire method. The over-all consensus showed the 
Cuisenaire students superior in computation in the early 
grades. They were, however, significantly inferior in under­
standing and problem solving, and the superiority in compu­
tation disappeared in later school years.
Interaction Between Teaching Methods 
And Individual Differences (Aptitudes)
As far back as the fifth century B. C., Plato recognized 
the differences in individual abilities. He reasoned that 
the nature of man is made up of three components, appetite, 
spirit, and reason. The degree to which these components 
controlled one's life decided his best vocation and hence 
decided his method of education. (7;102)
It was not until the start of this century that much was 
done to identify individual differences. The works of Binet 
and others are well known and their tests were used, as
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Cron'bach said, to ” . , . decide which pupils should he 
allowed to drop hy the wayside or vegetate in an undemanding 
'slow' classroom, and which should proceed briskly, be 
indoctrinated with high aspirations, and go on to higher 
education." (13:24)
Until recently, the only widely-used variable employed 
by schools to adapt for individual differences was the rate 
of instruction. Cronbach reported:
This concept is distinctly arguable. Woodrow 
(1946), you may recall, spent twenty years 
compiling evidence that rate of learning is 
entirely inconsistent from one task to another 
and that there is no justification for iden­
tifying mental test scores with ability to 
learn. (13:25)
Cronbach called for a search for different teaching 
methods that interact with different abilities. He stated: 
"Aptitude information is not useful in adapting instruction 
unless that aptitude and treatment interact." (13:30)
Aptitudes and Interactions
General ability is the most often-used criterion in the 
selection of homogeneous classes and is the variable most 
frequently reported in research papers when teaching pro­
cedures are evaluated for interaction. Cronbach felt that 
this blanket approach has not been too successful because of 
the generally high correlation betv.'een general ability and 
achievement resulting from almost any type of instruction. 
Gagne has suggested:
The existence of individual differences, 
presumably relatively stable ones of the sort 
implied by the term "basic abilities," is a 
pervasive issue in mathematics teaching, as 
well as in mathematics itself. It is a widely 
held belief, for example, that some people 
tend to solve mathematical problems by think­
ing out the solutions in terms of visual and 
spatial models and then translating these into 
acceptable symbols, while other people think 
out solutions in terms of abstract symbols 
and symbol-operations, It is thought pos­
sible by some that problems may be solved, by
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some people, in terms of logical-verbal state­
ments and then translated into symbolic form.
With regard to these differences, it is prob­
ably significant that some of the best-defined 
and stable differences in basic abilities which 
have been measured by psychologists are spatial 
factors (or ability), verbal factors, and 
numerical factors. (3:25)
Gagne implies that varying teaching procedures should be de­
signed to best take advantage of skills or abilities.
In 1959» Guilford developed a model of "The Structure 
of the Intellect," which implied that each mental factor is 
classified by three criteria: the kind of operation—
evaluation, convergent thinking, divergent thinking, memory 
and cognition; the content— figurai, symbolic, semantic, 
behavioral; the products involved when a given operation is 
applied to a certain content— units, classes, relations, 
systems, transformation, implications. The mental factors 
are then one of the ordered triplets from the 5 x ^ x 6  
matrix. Guilford and others have developed tests to evalu­
ate the main components and have isolated many factors by 
factor analysis. Guilford suggested that
If education has the general objective of 
developing the intellects of students, it can 
be suggested that each intellectual factor 
provides a particular goal at which to aim.
Defined by a certain combination of content, 
operation, and product, each goal ability then 
calls for certain kinds of practice in order 
to achieve improvement in it. This implies 
choice of curriculum and the choice or in­
vention of teaching methods that will most 
likely accomplish the desired results. (21:478)
Cronbach suggested that variables other than intellectual 
be considered. He stated that "The most thoroughly docu­
mented at present involve attitudes having to do with confi­
dence." (13*3^) As an example he cited competition in the 
form of races or contests as being very effective for the 
constructively motivated child, while a defensive child may 
do best in a non-competitive situation,
Torrance has maintained that the creative child tends to 
react differently to various types of instruction than the
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unimaginative child. In general, he felt that the present 
school education appeals more to rote than to reason:
In the main, current school curricula at 
all levels of education are designed to develop 
and make use of the kinds of thinking abilities 
reflected in traditional tests of intelligence.
No one is suggesting that the development of 
these abilities be eliminated. It is only sug­
gested that parallel treatment be given the 
creative thinking abilities . . . (57«68)
Torrance also reported a study in which a correlation of 
•53 existed betvæen a creativity test score and scores that 
required understanding and application of previously-learned 
material. A second correlation of .03 existed between the 
creativity test score and scores of a test on memorized facts 
covering the same material. (58:149)
Research on Interaction and 
Concrete Manipulative Teaching Methods
Cronbach (13), Guilford (29), Behr (4), and Becker 
(2 and 3) have excellent reviews and bibliographies done on 
interaction with teaching methods other than those involving 
activities or manipulation of concrete material.
Schippert (51), Weber (64), and Bisio (5) designed their 
studies to detect interaction with socio-economic background. 
Schippert's study was done entirely in the inner city and did 
not offer a comparison with another area. But he concluded 
that
The findings of the study indicated that an 
inner-city seventh grade student can demonstrate 
a greater understanding and facility in arithme­
tic skills if he is permitted to engage in the 
process of inquiry at a level of abstraction at 
which he can function effectively and at a pace 
suited to his abilities. (51«ab)
V/eber's study allowed a comparison of socio-economic 
backgrounds and he concluded that "Interaction was not signi­
ficant but the trend favored manipulative materials for low 
socioeconomic status children." (64:ab)
Bisio also compared the teaching methods and socio­
economic backgrounds, as previously reported. He noted that
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students from the high socio-economic group performed higher 
at (P = .01) when they had been given the "teacher- 
demonstrated method" than those from the same area that used 
no concrete aids,
Johnson’s study reported that low- and middle-ability 
students are apparently aided in learning some concepts in 
seventh-grade mathematics by the use of activities-oriented 
lessons, Johnson said: "Laboratory lessons in the study of
geometry and measurement might be appropriate for low and 
middle ability students," (36:ab)
Summary of the Review of Research
Of the seven studies which compared some type of con­
crete method with a traditional method in first- through 
third-grade addition and subtraction, five studies showed 
the students given concrete methods scoring significantly 
higher on at least one of the post-tests. The other two 
studies reported no significant differences. None of the 
studies showed the traditional method superior. In Nelson's 
review of Cuisenaire studies, the Cuisenaire method yielded 
higher scores in computation in the early grades. The con­
census of these studies is that use of concrete material is 
desirable for the first two grades or for early topics in 
arithmetic, such as addition and subtraction.
In the area of the present study, third- and fourth- 
grade multiplication and division, the results are not as 
conclusive. Of the six studies reported, the Dawson and 
Ruddel study in fourth-grade division found the concrete 
method superior, and Lucow's Cuisenaire study showed rural 
students who had the concrete method scored higher. Passy's 
findings strongly favored the symbolic approach. The other 
three studies revealed no significant differences. Another 
third-grade study, Curry’s in modular arithmetic, showed the 
concrete methods superior.
Methods of teaching fractions in fifth and sixth grades 
were evaluated in three studies by Bisio, Howard, and
29
Neureiter and Troisi. Neureiter and Troisi found concrete 
methods superior in application v/hile Howard's study re­
ported the combination of methods was superior to either 
concrete or symbolic methods alone in retention.
Four studies were done in the seventh grade. Those of 
Carmody and Jamison involved non-decimal bases, Carmody*s 
study showed students given concrete methods scored higher 
while Jamison's found no significant differences, Johnson 
and Schippert used laboratory methods, Johnson found both 
the textbook method and a combination of textbook and 
laboratory method superior to the laboratory method alone, 
Schippert's study showed the laboratory method superior to 
an abstract approach.
This summary seems to indicate that concrete aids in 
mathematics are desirable in the first and second grades. 
Their use for third and fourth grades is more questionable, 
and more studies are needed on this level. For grades five 
through seven, the cited studies have not shown concrete aids 
to be as valuable as in the earlier grades.
Three of the studies compared socio-economic backgrounds 
and some reported results in general intelligence levels. 
Otherwise, none of the studies tested for interaction.
CHAPTER III 
METHODOLOGY
The teaching methods in this study were evaluated to 
determine their effects on third-grade students' learning 
of multiplication and division. The textbook, Elementary 
School Mathematics, Book 3» Robert E. Eicholz and Phares G. 
O'Daffer, Addison Wesley Company, 1968, was used in both 
teaching methods, and three chapters of the text were taught. 
In Chapter 4, multiplication was informally defined, the 
multiplication of single-digit whole numbers (zero through 
nine) was covered, and a number of topics such as the com­
mutative, associative and distributive principles were dis­
cussed. Chapter 5 covered division of the numbers related 
to single-digit multiplication, and Chapter 8 involved multi­
plication of multi-digit numbers. In all three chapters, the 
application of the concepts was covered extensively in "story 
problems," With few exceptions, the lesson topics in the 
text were taught in the order given, one day for each topic.
The course of instruction lasted for tv/elve school weeks, 
starting during the second week of December, 1971, and ending 
in the second week of March, 1972* Forty-nine days were 
spent in instruction and eleven days were used for testing.
The time included the Christmas vacation, the end of the 
first semester, and two days in which school was not held be­
cause of weather conditions.
Teaching Procedures 
Method S— The Symbolic or Text Method
The teachers' edition of the textbook was followed gen­
erally in this method, giving one tv;o-page lesson each day
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in the order covered in the book. A few of the lessons were 
deleted and some were given two days. Since the text makes 
use of pictures and charts, this method could be considered 
as semi-concrete. Other than those contained in the text, 
no pictures, charts or objects were used to represent 
equivalent sets.
When the blackboard was used, only mathematical symbols 
and numerals were written on the board. Since the second 
group, Group M, often took longer to be introduced to a 
given topic, each member of Group S was supplied a set of 
multiplication flash cards. These cards were used individu­
ally and in groups to help equalize the amount of time spent 
by the two groups on the topic.
Method M— The Manipulative Method
This teaching method was not considered a "laboratory 
method." In addition to following the same basic outline as 
the text and that used by Group S, an activity that involved 
student manipulation of concrete objects and devices Vv-as 
used by Group M to introduce or reinforce the daily topics. 
The instructions for the activities were written by the 
author, although some of the activities were patterned after 
those suggested by the teachers' supplement to the text.
The teacher was allowed to teach each class and topic 
in the manner best suited to her with respect to class con­
trol and individual discovery, etc., but with the understand­
ing that in all instructional variables, such as time spent 
and class control, both groups would have as nearly as pos­
sible the same instruction except for the variable tested.
The variable tested was the use or non-use of concrete 
manipulation to introduce and/or reinforce the various 
topics.
Rationale for the Selection 
of the Manipulative Activities
The first consideration in the selection of the manipu­
lative devices was the availability^ and cost of the devices.
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Since each child was to have easy accessibility to the de­
vices, the variety of objects v/as kept to a small number# 
Secondly, the concept of number was treated only as the 
cardinal number of concrete sets except in a few cases in 
the textbook.^ Therefore, none of the devices involved the 
concepts of equal or fractional length or weight. This 
eliminated such devices as the Cuisenaire rods and balance 
beams. Egg cartons and pegboards were used to satisfy these 
considerations.
A third consideration v/as the desire to have a device 
or scheme that promoted the idea of base and place. Three 
methods were considered. The often-used popsicle sticks and 
rubber bands in which sticks are put in groups of tens, ten 
tens, etc., was the first method considered; it v/as rejected 
because, while it does make use of the base, the concept of 
place is not used and the number of sticks needed becomes 
very large for multi-digit numbers. A base ten abacus was 
considered, one with ten beads or discs on each rod. The 
abacus was rejected in favor of the counting board (see 
page 3?) because of cost, the versatility of the counting 
board, and the fact that the author had previously used the 
counting board for teaching operations in bases other than 
ten to high school students and college students in classes 
for elementary teachers.
Use of the Maninulative Devices
When the lesson plans for Group M were written, the 
primary consideration was whether the inclusion of kines­
thetics and the sense of touch would improve the understand­
ing of the concepts and lead to greater achievement. No 
attempt was made to design or write a course of study but 
only to augment the textbook.
Often the devices were used to simulate other concrete 
objects— pebbles were used to represent keys, pennies or
The textbook had a lesson on multiplication and the 
number line, page 88. Each class was given identical in­
struction as covered in the textbook.
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shoes; pegs on a pegboard often represented fruit trees or 
basketball players. While it may be true that a more ex­
tensive variety of objects would have been more stimulating, 
the time, the cost and the over-riding principle of concrete 
manipulation limited the number of objects. The children 
seemed to have little trouble with the simulation and en­
joyed the model building.
Another question that arose in the v/riting of the les­
son plans was what proportion of the lesson time should be 
used for manipulative activities. It is the author's inter­
pretation of the related literature that too much time is 
apt to be more harmful than too little (see the Johnson 
study, page 22), It is also the author's impression that 
the inclusion of concrete manipulation is of most benefit 
if the teacher helps the student connect the ideas of the 
manipulation to the symbolic representation and applications.
The Egg Carton
Each child was given a molded paper or plastic egg car­
ton with separate holes or cells for each egg and a handful 
of uniformly-sized pebbles of the type used in gardens and 
lawn decorations. The carton was used in a number of ways 
to supplement the textbook, as in the following example.
The textbook introduced multiplication with a picture 
of three sets of keys, each set with four keys followed by 
the statements;
We see 3 sets of keys
4 keys in each set 
12 keys in all
We think 3 fours are ////^ '
We write 3 x ^ = 12
We say 3 times 4 equals //// (23:84)
Group M simply added one step to this process. Prior
■’■The symbol //// is used throughout the textbook as a 
place holder, indicating an answer is wanted.
3^
to opening their hooks, the students were told to place 
four pebbles in each of three cells of their cartons. Then 
the teacher would ask:
How many cells (holes) have pebbles? 3
How many pebbles in each cell? 4 a
How many pebbles in all? 12
giving the students time to count if necessary.
The teacher then wrote on the board:
We think 3 fours are 12
We write 3 x 4 = 12
We say 3 times 4 equals 12
The students would then open their books and do similar 
problems starting with the pictures instead of the device. 
Sometimes the process was reversed and the students were 
given the problem in the book and asked to simulate this 
with the devices as in the following example.
The text contained a picture of five nickles, and the 
students were to find the number of cents for the five 
nickles. Here the students were asked to pretend that their 
pebbles were pennies and to place five pennies in each of 
five cells to simulate the value of the nickles. They were 
then asked how many cents in all and to write the equation,
A process like the one above was used on a number of 
occasions. It was called model building and later in the 
course the students were given more freedom to make their 
own models of the problems. This process was used primarily 
in the solution of application or "story" problems.
The egg carton was also used to teach the principles of 
multiplication. The commutative, or "order principle," was 
handled by placing three pebbles in each of five cells on 
one side of the carton. The students were asked if they 
could write the related statement, 6 threes are 15. and the 
equation, 5 x 3 =  15. They were then told to move the
■^In places where the answer is underlined, the students 
were to supply the correct statement. Other statements are 
teacher supplied.
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pebbles to the other side of the carton, placing an equal 
amount in each of three cells. They were asked the number 
of pebbles in each cell and asked to give the related state­
ments and equations, 3 fives are 15 and 3 x 5 =  15»
The concept of division was also demonstrated using the 
the cartons. Twenty-four pebbles were placed, six in a cell, 
until all were used, or one at a time in each of four cells 
until they were gone, to demonstrate these two concepts of 
division. Both the teacher and the author felt that the 
use of the concrete object was very meaningful in teaching 
division.
The concept of remainders in division or, as the child­
ren expressed it, "not coming out even," evolved naturally 
even though it was not covered in the three chapters but 
appeared because a student miscounted, As the instruction 
progressed, the students were allowed to group the pebbles 
on their desks when the number of groups was small enough, 
generally five or less ; this made the counting a little 
easier.
The Pegboard
Each student was supplied a small commercial pegboard, 
ten holes by ten holes, and a supply of pegs. As the text­
book made extensive use of rectangular arrays of objects to 
teach a number of topics, the pegboard was used to simulate 
these arrays. The boards were made of white plastic so the 
students could write on them and erase.
As an example of the versatility of the pegboards, it 
was first established that three rows of five pegs repre­
sented the equation 3 x 5 = 15. To teach the commutative 
property, the students were asked to represent the equation, 
2 X 6 = 12. They were shown an example of two rows of six 
pegs each, with the equation written below the example. The 
teacher then told the students to rotate their boards one 
quarter turn and demonstrated with her board. The students 
were then to write the proper equation represented on the 
pegboards, 6 x 2 = 12.
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To demonstrate the distributive (addition- 
multiplication) property as found on pages 102-103 in the 
textbook, the pegboard was used as follows. The students 
were told to place three rows of seven pegs each and write 
the related equation, 3 x 7  = 21, Then they were told to 
move the last column of pegs one space to the right and 
write the related equation under each array, 3 x 6 =  18 
and 3 x 1 = 3 » They were asked:
How many pegs in all? 21
What is the sum of 18 and 3? 21
The teacher then put this arrangement on the board:
18 + 3 = 21 and 6 + 1 = 7  so
( 3 x 6 ) +  (3 X 1) = 3 X (6 + 1)
The students were asked to move the next to the last 
peg in each row forming the arrays 3 x 5  and 3x2, writs 
the related equations, 3 x 5 = 15 and 3 x 2 = 6 , The stu­
dents then wrote equations in the same manner as those on the 
board:
15 * 6 = 21 and 5 ^ 2  = 7 so
,(3 xJj-TT3 X 2) = 3 X (5 +2)
The students were told to continue the process of moving 
the columns of pegs one column at a time until all were in 
one group, writing the equations each time.
Throughout the instruction, the students were asked re­
peatedly to write the equation or symbolic representation of 
the physical model or conversely, to displ^  a physical model 
representing the given symbolic statement or equation. This 
was done to develop and strengthen the bond between the 
symbolic and concrete.
The pegboards were used also in connection with the 
application or "story" problems. For example, early in the 
instruction, the textbook gave the problem:
Tv.'o basketball teams
Five basketball players on a team
How many players in all? (22:116)
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Using pegs of different color for the two teams, the students 
were asked to make a model of the game. If, as Gagne has 
suggested (see page 25), some people solve problems in a 
spatial or physical way, this activity would develop the 
connection between the written statement and the physical 
representation.
In being given considerable freedom to develop their 
own models, which they seemed to enjoy, the students found 
that many problems were not quite so physical in nature:
A doubleheader baseball game
Each game nine innings
How many innings in all? (22:116)
A number of students came up with the idea of a scoreboard 
for this.
The Counting Board
The counting boards were made by the author from a 
piece of 3/8 inch plywood, 5 inches by 15 inches with four 
3-inch holes evenly spaced across the board. The 3/8 inch 
piece was glued on a 5 inch by 15 inch piece of 3/16 inch 
fiberboard. Each student v/as supplied with a counting board 
painted flat white on which he could write.
The holes were labeled from right to left with the 
numbers 1, 10, 100, and 1,000, Prior to starting instruc­
tion in multiplication, the students in Group M practiced on 
these devices and learned to represent a number such as 23 
by putting 2 pebbles in the "10" hole and 3 pebbles in the 
"1" hole. They learned to add 6 + 8 by placing 6 and then 8 
pebbles in the "1" hole, then counting and removing 10 of 
the pebbles and carrying one to the "10" place. They also 
practiced subtraction.
The teacher mentioned that from the comments of the 
students the idea of borrov/ing in subtraction was made very 
meaningful in using the counting board and that she would 
surely use the device in the future. During this time, the 
students in Group S reviewed the symbolic operations of addi­
tion and subtraction.
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The counting hoards were used throughout the instruction 
on multiplication of one-digit numbers as repeated addition 
and division as repeated subtraction. Most of the students 
developed considerable skill on the counting boards. As 
with the other devices, the students were asked to do the 
operation on the counting board and then do it symbolically, 
often v/riting the equation on the counting board itself, to 
develop the bond between the symbolic and concrete 
operations.
Multiplication by 10 was developed by asking the stu­
dents to count out 10 sets of 3 pebbles and place them in 
the "1" place and add. (Again stressing that this repre­
sented the statement, 10 threes, and the equational phrase,
10 X 3») Upon adding, the students noticed the 3 pebbles 
in the "10" place and none in the "1" place. Similar work 
was done on problems such as 10 x 40, etc.
The multiplication of multi-digit numbers by single­
digit numbers was done as follows. In multiplying 2 x 26, 
the students were asked to work in pairs. One student was 
asked to place two-26's on his counting board while his part­
ner was to add two-6's and two-20's. As always, they were 
to write the equations, 2 x 26 = 52 and 2 x 6 + 2 x 2 0 = 5 2  
therefore 2x 26 = 2  x 6 + 2 x  20, (23:232) Betv/een them­
selves the students were then allowed to experiment with 
other combinations. Similar work was done for one by three- 
or four-digit numbers.
The last operation covered was two-digit by two-digit 
multiplication. The students first learned multiplication 
by multiples of 10, such as 20 x 3, by considering it as 
2 X  (10 X 3) or moving two-3's over to the "10" place, 
Multiplications such as 20 x 40 = 2 x 4 x 10 x 10 were re­
presented by placing 2 groups of 4 in the 10.x 10 or "100"
place. The problem, 24 x 3, v/as handled as 20 x 3 +  ^ x 3»
The final problem of 24 x 53 v/as done as 20 x 53 + x 53»
Late in the instruction, the students were allowed con­
siderably more freedom to manipulate the devices, after they 
developed the skills and the abilities to represent the
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problems on the devices. The students often worked in small 
groups. In cne instance, they were encouraged to race the 
counting boards against the symbolic algorithm.
By design, most of the problems given on the counting 
boards used digits of five or less on at least one of the 
factors since this kept the counting and number of pebbles 
low and minimized the number of errors. However, examples 
were included that required "carrying" to the next place.
The Sample
The experiment was conducted in the third grade of the 
Northraoor Elementary School, Moore, Oklahoma. Two of three 
self-contained heterogeneous classes were selected by the 
principal to take part in the experiment. The 65 students 
in the two classes were pooled; each was assigned a number 
and the two groups were selected using the table of random­
ized number and procedure as described in Introduction to 
Statistical Analysis (21), Group M had 33 students assigned 
to it, and 32 students were assigned to Group S,
Moore, Oklahoma, is a rapidly-growing suburban city in 
northern Cleveland County between Oklahoma City and Norman,
It is generally a middle-class community and none of the 
children in the groups appeared to be non-white.
The same teacher taught both the groups to eliminate be­
tween- teacher variance, while another teacher taught reading 
to the two classes during the time of the experiment. Al­
though the teacher was a beginning teacher, she was highly 
recommended by the principal and the author feels her teach­
ing was outstanding. She had taught multiplication during 
her student teaching in the school year 1970-71,
Supervision and Control
The author wrote supplemental lesson plans for Group K 
and the teacher used these to formulate her teaching plans. 
In addition to the author's meeting regularly with the 
teacher about once a week to discuss the lesson plans, the
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author and the principal frequently observed the teaching of 
both classes and the author went over the teaching procedures 
with the teacher during the next conference.
Measurement Instruments
Pretests
Each student was given the following battery of tests 
immediately prior to the experiment:
Otis-Lennon Mental Ability Test
Elementary Level 1, Form J
Harcourt, Brace and World, Inc., 196?, New York
Stanford Achievement Test
Primary Battery II
Harcourt, Brace and World, Inc., 196?, New York
Torrance Test of Creative Thinking
Figurai Test Booklet A
January, 1970
Personnel Press Inc., Princeton, New Jersey
Each of these tests was given and scored by the methods 
prescribed in the test manual. The reliability and validity 
of these tests are published in the corresponding test 
manuals.
A pretest for competence in multiplication was also 
given (Test A, Appendix B). The test was an equivalent form 
of the post-tests but with fewer questions. The test con­
sisted of 14 computation problems and 6 application, or 
"story," problems. The split half reliability derived for 
this test was .6219.
Before taking the multiplication pretest, the students 
were given a definition for multiplication, 4 x 3 is 4 threes 
added together o r 3 + 3 + 3 + 3  and 124- 4 = //// if 
4 X //// = 12. No other instruction was given in multipli­
cation or division prior to any of the pretests.
Post-Tests
The post-tests consisted of two parts (Tests B and C, 
Appendix B) of nearly equal difficulty which were given on
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successive days. Each part consisted of 12 computation 
problems and 8 application or "story" problems. The test 
parts were scored separately and by application, computa­
tion and total. A split-half reliability for these tests is 
given by the correlation between the two parts, as ,8048 for 
the computation, ,906l for the application, and .8923 for 
the total,
The pretest and post-tests for competence in multi­
plication were written by the author using problems from the 
text, from other published textbooks, or from achievement 
tests in third-grade mathematics. The example tests and re­
view exercises in these books were used to decide the number 
of each type of problem. It is assumed that this method has 
produced a valid test.
Statistical Procedures
Hypothesis I (see page 5) was examined using Student's 
t test for differences be'hveen the means and F test for 
differences between the variances of the t\s^o groups. 
Hypothesis I v/as rejected only if at least one of the fol­
lowing hypotheses was rejected:
Ho X: There is no difference between the
means of the scores in the achieve­
ment tests for computation and 
application.
2
Ho S : There is no difference betv/een the
variance of the scores in the achieve­
ment tests for computation and appli­
cation.
If Xg and X^ were the mean scores of the tv/o groups, 
and S and S were the estimates of standard deviation, then
iu o
had a t distribution
with + Ng - 2 degrees of freedom and Ho X was rejected
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only if |t| > t (.975, - 2). (31020)
Similarly, the dispersion of each group was evaluated hy
an F test in which
2
Ho S was rejected only if F ^  F (V^ , V ,^ .975) or
F ( F (Vg, y., .025). (21:102 and Table A-7c)
Hypotheses II, III, and IV pertaining to interaction 
(see page 5) were tested using the method suggested by 
J. P. Becker:
• . . for adaptation of instruction to indi­
viduals to be profitable there must exist 
different instructional techniques (treat­
ments) that teach for the same objectives or 
criterion and, moreover, there must exist 
aptitudes for which regressions of outcome 
scores on aptitude exhibit the pattern shown 





Aptitude (a ) 
[Figure ^
Sion lines for treatments A and B respec­
tively). In figure 1 we have an interaction 
effect represented (i.e., a crossover of the 
two regression lines). Each line corresponds 
to a treatment and each line represents the 
graph of a regression equation of the form 
0 = a + bA, where a is the intercept, b is 
the regression coefficient of the aptitude 
variable, and 0 and A represent the outcome 
and aptitude variables respectively. Here 
we should divide our groups of experimental
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subjects into two subgroups, one of which would 
be given treatment A (those with "higher" apti­
tude scores ) (i.e., higher than the crossover 
point] and the other to treatment B (those with 
"lower" aptitude scores). (3:22-23)
x/\
. .   were the simolem ' ma
regression equations from aptitude A to the achievement 
scores for Group S and M respectively, the null hypothesis
Ho (Interaction): No interaction exists between
the teaching methods and the 
scores on aptitude A
was rejected if and only if the following were satisfied:
1. The regression equations intersected within 
the range of the independent variable and
2. The hypothesis that b^  = 0 or b_ = 0 was
Ul S
rejected at (P = .05) and
3. The hypothesis that b = b was rejected at 
(P = .05). ® ^
It is possible for interaction to exist in a strict 
statistical sense without meeting criterion 1 above (the 
regression equations intersect within the range of the inde­




The above indicates a significant difference in the 
slopes of the regression equations, but for each score in 
the range of aptitude a higher score would be predicted with
'B' It seems doubtful, however, that this condition could
4-4
happen vdthout the rejection of the hypothesis of equal means 
of the two distributions.
In a post hoc manner multiple regression equations were 
computed for each teaching method. If any null hypothesis 
for interaction was rejected, multiple regression scores 
were used to predict the scores of the groups, provided the 
multiple regression equation was significantly better than 
the best single predictor at (P = ;05).
CHAPTER IV 
ANALYSIS OF THE DATA AND RESULTS
Main Effects and Simpie Regression Analysis
Scientific Subroutine MISR was used to analyze the data 
for the tv/o teaching procedures. The program gives the in­
formation required to test the means and variances of each 
variable and the correlation and simple regression equations 
for each pair of variables. The description of Scientific 
Subroutine MISR is given in Appendix C, page 79.
Tables 1-M and 1-S are Zerox copies of the input 
matrices for Scientific Subroutine MISR taken from the com­
puter printout.
Variable 1— S,A.T. Word Meaning 
Variable 2— S.A.T, Paragraph Meaning 
Variable 3— S.A.T. Science and Social Science 
Variable 4— S,A,T, Spelling
Variable 5 S,A.T, Word Study
Variable 6 S.A.T. Language
Variable 7— S.A.T. Arithmetic Computation
Variable 8 S.A.T, Arithmetic Concepts
Variable 9— Otis-Lennon Mental Ability 
Variable 10— Torrance Creative Fluency 
Variable 11— Torrance Creative Flexibility 
Variable 12— Torrance Creative Originality 
Variable 13— Torrance Creative Elaboration 
Variable 14— Chronological Age^
Variable I5— Pretest in Multiplication and Division
Variable 16— Post-test Total
Variable 1?— Post-test Computation
Variable 18— Post-test Application (Story Problems)
Variable I9— The Student's Number
The code score of 99 in the matrix indicates missing
data.
"One-half the actual score,
2
One-half the number of months,
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TABLE 1-M
INPUT MATRIX FOR GROUP M
V A M  I A H L R 3
l 2 3 4 5 6 7 8 9 1 0 1 l 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9
1 2 l . 33 . 1 2 . 1 2 . 3 0. 2 l . 3 1 , 15. 99. 22. le. 19. 3 1 . 53 . 3. 28. 19. 9. 3.
2 2 ‘3 . 39 . 20. 1 .0 , 4 1 . 4 1 . 3 5 . 20 . 54 , 3 3 . 23. 28. 2 7. 5 0 r. 1 1 . 25 . 12. 1 3. 4 .
3 20. 46 . 1 9 . 1 5 . 5 0. 4 3. 30 . 2 3. 4 5, 3 1 , 23 . 38 , 4 0. 5 4., 0. 1 9. 14. 5 . 5.
4 2 8 . 4 6 « 2 6 . 25 . 5 5 . 48 , 33. 22, £ 1 , 2 3, 1 4 , 19. 4 3. 50o 7. 20. 1 3. 7. 8.
D 1 4 . 11 . ü . 5 . 2 7. 1 G . 2 3 . I 1 , 29. 3 7 . 24 . 5 1. 53. 48» 0 . 10. 10. 0 . 1 1 .
6 l '3 . 2 1 . 1 1 . ) . 2 1 . 2 4. 37. 1 3 . 3 3. 9 9. 99 . 99 . 99 . 5 3.. 3. 3 7. 23. 14. 13.
7 1 3 . 2 0 . 1 3 . 8 . 2 3. 39 . 35 . 1 2 , 33. 2 8. l 5 . 26. 2 9, 57. 2. 29. 1 9. 1 0. 16.
O 20 - 29 . 20 - 2 5 . 4 5 . 3 1 . 33. 1 8 . 4 4. 2 3. 99 . 27. 37 , 50. 0. 2 1 . 17. 4 . 1 8.
9 3 1 . 54 . 29. 27 . 5 2. 48 . 39 . 3 1 , 54 . 2 1 . 1 7 , 24 . 27. 55 . 1 0. 37. 24 . 1 3. 20 .
1 0 3 . 1 1 . 1' 4 . O . 1 S . 2 9. 12. 1 2 . 4 2. 2 7. 12. g . 2 2. 57 . 99. C . O . O ; 22 ,
1 1 20 . 37 . 1 5. 19 . 4 2. 4 1 . 35. 2 1 - 49. 29. 20. 1 8. 22. 5 3 « 3. 24 . 1 4 . 1 0 . 29.
1 2 1 3 . 2 1 . 1 O . 13. 2 6. 0 - 2 2. 7 , 99 . 2 7. 15, 29 . 2 0. 49 . o . 9 . 5 . 4 . 30 .
l 3 27 . a H . 1 6 . 24 . 5 5 • 4 9. 35 » 3 3. 4 7. 4 0. 22 , 43. 32 . 50. l 0. 3 1 . 2 1 . 1 0. 32.
1 4 26 . 30 . 2 l . 23 . 5 1 . 4 f) . 37 . 33 , 59. 4 0. 23 , 56. 4 1. 5 1. 99 . 34 . 2 2. 12. 34 .
l 5 30. 60 . 2 2. 2 7 . 5 7. 6 1 . 39 . 3 7. 6 7 . 3 7. 2 0. 4 1 . 48 . 52 . 1 1 . 35. 2 1 . 1 4 . 36 .
1 6 13. 1 1 . 2 1 . 0 . 2 7. 2 1 , 35 . 1 6 . 4 5. 4 0 . 2 1 . 39. 3 1 . 54. 6. 25. 2 ) . 4 . 37.
1 7 19. 24 . 1 3 . 7 . 1 9 . 2 0, 20 . 1 O . 3 0. 3 1 . 27. 29 . 2 5. 55 . 0. 6 . 4 . 2 . 39 .
1 U 26 . .34 . 1 6 . 1 1 . 3 0, 3 3 . 27. 1 4 . 3 1 . 2 6. 20. 33. 38 . 57. 4 . 20. 1 5. 5. 40 .
1 9 1 9 . 3 0. l 7 . 1 9 . 6 2, 2 0. 20 . 26 , 4 7. 4 0. 24 . 62 . 19. 5 7. 10. 18. 1 3. 5 . 4 3.
20 24 . 3 4 . 1 ft . 1 3 . 3 7. 3 1 . 35, l 6 , 53. 9 9. 99 . 99. 99 . 5 1. 1 . 20, 1 7. 3. 4 4.
2 1 26 . 37 . 14. 1 B . 5 6. 32 . 32 . 1 a . 50. 4 0. 22 . 37. 25. 50 . 4 . 27. 2 3. 4 . 4 6.
22 25 . 4 9 . 1 7. 29 . 5 4. 53 . 37 , 22 . 5 1 . 32. 2 0, 54 . 32. 55. 5. 35. 22. 13. 49.
23 22 . 33 . 1 G . 4 . 2 0. 2 1, 22 , 2 1 . 4 8. 4 0. 16. 15. 2 1 . 5 1 . 1 . 1 7 . 14. 3, 50.
2 4 3 1 . 5 1 . 20. 29 . 5 6. 52 , 37 . 34. 6 3. 2 8. 1 9 , 2 1 . 2 4. 55 . 5„ 37. 2 2. 15. 52.
2 5 12. 1 4 . 9 . 3 . 2 3. 1 6 , 3 1 , 1 7 , 1 S . 99. 99 . 99 . 99 . 49. 0.. 9. 7. 2. 53.
26 25 . 36 . 22. 1 6 . 2 5. 35 , 26. 1 8 . 9 9 . 26, 1 6 . 2 1 . 52 . 54 . 1 . 8 . 6 . 2 . 56.
2 7 22 . 27 - 1 O . 1 2 . 2 4. 37 . 3 1 , 17. 50. 3 4, 8 , 10. 2 0. 53 . 1 1 . 35. 2 3. 12. 58.
2 0 22 . 35. 1 4 . 1 2 . 3 7. 4 2. l 4 , 1 6 . 4 1 . 4 0. 19, 32. 4 0. 54 . 3 . 5. 4 . 1 . 60 .
2 9 2 5 . 4 .3 . 1 6 . 1 B . 4 2 , 39 . 39 . 28 . 5 3 . 2 6. 1 3. 42. 5 1. 5 l . 99. 1 9. 1 4 . 5. 6 1.
3 O 2 2. 3 0 - I 5 . 7 . 2 0. 2 4. 2 7. 1 2 . 3 0. 3 1 . 19. 2 3. 16, 49 , 1 . 9, a . 1 . 62 .
-frON
TABLE: 1-S
INPUT MATRIX FOR GROUP S
VARIABLES
1 2 3 4 b 6 7 8. •9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 19
1 22 30 1 1 . 24 « 3 b . 32 . 22 . 24. 38 . 26 . 23 . 35. 20. 50. 4 . 25. 20. 5. 1 .
? 22 . 30 . 1 4 . 16 3 5 . 37 . 32 . 18. 38. 1 9 . 1 2 . 16. 30. 50 . 1 . 10. 7. 3. 2.
3 2 3 • 3 3 . 1 b . I 4 . 4 6 . 3 3. 20 . 9 . 3 1 . 2 7. 1 8 . 42 . 38 . 50 . 0. 1 1 . 9 . 2 . 6.
4 2 b • 4 b - I 7 . 1 1 . 4 4 • 25 . 36. 20 . 49. 99 . 99 . 99 . 99 . 5 1 . 0 . 29. 2 1. 6. 7.
b 27 • 3 8 • 2 2. 1 7 . 4 1 43. 37 . 30 . 4 5. 35. 25 . 63. 32. 52 . 8. 33. 2 1 . 1 2. 9.
6 9 9 • 9 9 " 99. b 2 b . 29 . 99. 99 . 2 9. 33. 20 . 28. 27 . 5 1. 0. 12. 7. 5 . 10.
7 2 6 • 3 7 • I 8 . 6 . 3 6 . 33 . 0 . 2 3 . 4 3. 34 . 1 3 . 22 , 5 1 . 5 1 . 0. 15. 12. 3 . 1 2 .
'i 2 4 • 2 9 - 9 9 . 99 . 9 9 . 26 . 37 . 99 . 6 1 . 25. 19. 2 1 . 38 . 52 . 1 3. 30. 19. 1 1 . 15.
9 I 8 • J 1 - I 1 . 1 6 . 4 b . 39 . 30 . 1 6 . 4 4 « 34 . 1 7 . 2 6. 34 . 5 1 . 4. 24 . 1 8. 6 . 17.
1 0 1 7 - 2 - I 0 . 1 1 . 2 7 . 3 6' . 4 1 . 36. 4 7. 2 0. 14. 1 9 . 16. SO . 1 1 . 34 . 2 2  . 12. 1 9 .
I 1 3 1 • 6 0 - 2 1 . 2 b • 6 I . 4 1 . 36. 3 5 . 6 4. 3 1 . 25. 4 6. 24. 5 1 . 9. 32. 20. 1 2 . 24 .
1 2 4 - 27 . 1 3 . f-,. 2 1 . 3 0. 29 . 3 2. 6 4. 2 1 . 1 2 . 1 9 . 1 5 . 5 1 o 9. 1 7 - 11. 6 . 25 .
1 3 2 3 • 4 0 • I 8 . I 8 • 4 2 * 4 2. 4 2. 12. 5 3. 3 4. 23. 4 1 . 3 0. 5 1. 1 0 . 24. 16. 8 . 2 7.
1 4 2 9 - 4 b - Î’ 1 . .8 . 4 7 . 54 . 4 0. 24 . 38. 4 0. 18. 3 3- 38 . 53 . 1 2 . 32. 20. 1 2- 28 .
1 '5 1 f)• J 1 . 1 2 . 18 . 2 1 . 3b . 3 1 . 2 5 . 39 . 2 2 . 18. 37. 28. 54 . 1 1 . 28 . 1 9. 9. 31 .
1 5 30 • 4 9 - 2 3. 2b . b 3 . 20. 32 . 3 7. 6 7 . 3 4 . 23. 42 . 44 . 53 . 5. 35 . 2 2  . 13. 33.
1 7 1 5 - 38 • 1 4 . 1 3 • 3 0 . 1 5 . 28 . 16. 4 7. 35 . 27 . 37. 4 0. 49. 3. 5. 5. 0 . 35.
I a 32 • '3 4 • 2b . 30 . 3 2 . 4 9. 35 . 3 4 . 6 1 . 22 . 1 7 . 23. 1 5 . 49 . 7. 34. 2 3. 1 1 . 4 1.
I 9 1 8 . 3 5. 1 2 . 1 1 . 2 7 . 3 2 . 20 . 20 . 33. 3 7. 2 4. 52 . 3 1. 53- 7. 2 0. 17. 3. 42 .
20 1 b • 2 9 . I 5 . <3. 1 5 . I e . 32. 1 5 . 4 0. 33. 24 . 32. 3 8. 54 . 5 . 1 9 . 12. 7. 45.
2 1 2 1 • 30 . 1 O . . 3 0 . 27 . 29 . 14. 5 0. 3 8. 2 0. 34 . 1 8 . 54 . 6 . 20 . 14. 6 . 47 .
22 2 0 . 9 . 1 4 . C . 2 9 . 29. 22. 8 . 42. 3 3. e. 3 6. 5 1 . 54. 0. 1 3. 10. 3. 48.
23 2 6 • 4 9 • P 7 . 22 . b (i. 4 4. 35 . 3 1 . 6 1 . 4 0. 1 9. 40. 30- 52 . 9 . 35. 2 3. 12. 5 1.
2 4 I 9 • 3 1 • 1 8 . 1 7 . 2 7 . 32 . 28 . 0 . 1 3 . 28 - 1 0 . 1 3 . 26 . 58 . 4 . 19. 1 7. 2 . 54 .
2b 22 • 3 I • I 4 . 2 I . 2 7 . 35 . 35 . 20 » 5 4 . 30. 2 1. 3 0. 4 2. 54 . 3 . 29. 2 2  . 7 . 55.
26 3 0 • 4') • 2 3. 20 » 4 9 . 56 . 37 . 32 . 4 4. 3 1 . 20. 59. 33 . 51 . 1 0. 32. 20. 12. 57.
27 1 2 • 1 2 . 1 9 . O . 2 1 . 6 . 30 . 2 I . 39. 2 2. 1 4. 3 1 . 65. 54 . 4 . 1 9 . 1 4 . 5. 59 .
28 1 4 . 2 0 . <) . 7 . 2 6 . 29 . 30 . O . 2 7. 3 5 . I 4 . 3 1. 1 9 . 55 . 0 . 1 6 . 1 1 . 5. 63.
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Pretest Analysis
Analysis of the pretest data indicated that the two 
groups were well matched. Table 2 shows the ages of the 
children as well as means and ranges of each group on the 
pretests. The means of the groups were near the national 
mean in all areas except the S.A.T. Science and Social 
Science and Language scores, in which the means were near 
the thirtieth percentile, and the Arithmetic Computation 
scores, in which the means were near the seventieth per­
centile.
Table 3 gives the means and standard deviations for both 
groups for each of 15 scores and the t and F value for com­
paring the means and standard deviations. The hypotheses 
tested for the t and F tests were:
1. Ho = i„)
2- Ho (c7- =c^/)
In no case were these rejected at (? = :10)c The raw test 
scores of the S.A.T. and Otis-Lennon were used in the t and 
F tests as well as the regression analysis.
Table 4 contains correlation matrices of the inde­
pendent variables in the regression. All of the S.A.T. 
scores and the Otis-Lennon score correlated positively with 
each other. The Torrance test scores were not consistently 
positively correlated with the other pretests or with each 
other.
Post-Test Analys is
Table 5 contains correlations between the independent 
variables and the post-test scores. The S.A.T. and Otis- 
Lennon scores were all significantly positive with the post­
tests. None of the Torrance test scores correlated signi­
ficantly with the post-tests. As would be expected, the 
S.A.T. scores in Arithmetic Computation and Arithmetic Con­
cepts were the best predictors for the post-tests and read­
ing ability was a better predictor for the post-test appli­
cation problems than for computation.
TABLE 2
PRETEST MEANS AND RANGES
VARIABLE MEAN RANGE
Group Group
S M S M
1 . S.A.T. Word Meaning^ 50 50 1 6 -9 6 1 - 9 4
2 . S.A.T. Paragraph Meaning 44 44 1 - 9 6 2-99+
3. S.A.T. Science and Soc. Sci. 28 32 1-89 1 -9 8
4. S.A.T. Spelling 54 54 11-99+ 1-99
5. S.A.T. Word Study Skills 38 44 1 -9 2 1-93
6 • S.A.T. Language 28 28 1 - 9 4 1 - 9 8
7. S.A.T. Arithmetic Computation 70 66 2-95 6-89
8 . S.A.T. Arithmetic Concepts 50 48 2 - 9 6 2 - 9 6
9. Otis-Lennon Mental Ability 48 49 1 -9 6 • 1 -9 6
1 0 . Torrance Creative Fluency^ 3 0 . 6 3 1 .5 19-40 21-40
1 1 . Torrance Creative Flexibility 18.4 18.8 8 -2 7 8-27
1 2 . Torrance Creative Originality 33.6 3 1 .3 1 3 -6 3 9-62
13. Torrance Creative Elaboration 64. 6 64.1 3 0 -1 3 0 3 2 -1 0 6
14. Chronological Age 8 yr. 5 mo. 8 yr. 9 mo. 8 yr. 1 mo 8 yr. 0 mo.-
15. Pretest in Multiplication^
9 yr. 8 mo 9 yr0 6 mo.
of 20 Problems 5 . 5 0 4.14 0 -1 3 0 —11
thre e.
'Lines 1 through 9 are in percentiles for school level— first one-third of grade
-p-
VO
^ ' ^Lines 10 through 13 and Line 15 are in raw scores.
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TABLE 3
PRETEST COMPARISONS USING RAW SCORES
Standard





Variable 1— S.A.T. Word Meaning
Group Mean t d.f. N S F d.f.
S 22.40 .509 55 27 5.50 .750 26, 29
M 21.60 30 6,35
Variable 2 — S.A.T. Paragraph Meaning
S 34.15 ,164 55 27 10.92 .702 26, 29
M 33.63 30 13.03
Variable 3— S.A.T. Science and Social Science
S 16.58 -.540 54 26 5.00 .889 25, 29
M 17.33 30 5.30
Variable 4— S.A.T. Spelling
S 14.89 -.150 55 27 7.33 .783 26, 29
M 15.20 30 8.28
Variable 5— S.A.T. Word Study
S 35.11 -.720 55 27 11.91 .639 26, 29
M 37.67 30 14.89
Variable 6— S.A.T. language
S 33.39 -.055 56 28 10.83 .600 27, 29
M 33.57 30 13.98
Variable 7--S.A.T. Arithmetic Computation
S 31.48 .615 54 26 6.91 .864 25, 29
M 30.33 30 7.43
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TABLE 2.— Continued
Variable 8— S.A.T. Arithmetic Concepts
Group Mean t d,f, N S F d,;f.
S 21,85 .787 55 27 9.31 1.35 26, 29
M 20,03 30 8,00
Variable 9— Otis-Lennon Mental Age
S 45,04 -.121 53 28 12.72 1,16 26, 25
M 45,44 27 11,78
Variable 10— Torrance Test for Fluency
S 30.63 -.550 52 27 5.96 ,853 26, 26
M 31.56 27 6.45
Variable 11— Torrance Test for Flexibility
S 18,44 -,320 52 27 5.02 1,33 26, 26
M 18,85 27 4,35
Variable 12— Torrance Test for- Originality
S 33.63 ,642 52 27 12,33 .783 26, 26
M 31.33 27 13.93
Variable 13— Torrance Test for Elaboration
S 32.33 ,086 52 27 12,03 1,42 26, 26
M 32.07 27 10,09
Variable 14— Age in Months
S 104,58 -.438 56 28 4.28 ,623 27, 29
M 105,14 30 5.42
Variable 15--Pretest in Multiplication and Division
S 5.54 1.265 53 28 4,18 1.00 27, 26
M 4,15 27 3.97
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TABLE 4-
CORRELATION MTRICES FOR INDEPENDENT VARIABLES
Group M
T “ŸâF, 2 3 5 5 5 7 8 9
"I 790 .50 .75 .69 .49 .71 .65 .65









10 11 12 13
T . 0 5  - . 1 6  TÎ5 7 2 7 "
■^^rîô 70S 7Ï2 7PT
J  1 ,55 ,W .6ij- .27 .59 .7^  -.26 -.22 ,22 .04
4 1 ,86".72 .60 .75 .75 -.12 .13 .30 .21
1 .64 .44 ,76 .69 .13 .34 .51 . 22
1 .53 .74 .73 -.03 -.05 .05 .28
1 .55 .44 -.15 .01 .17 .20
1 .77 .18 -.15 .31 .21





Var, 2 3 4 5 6 7 8 9 10 11 12 13
1 .77 .72 .58 .72 .70 .23 .57 . 5 4 .08 .19 .27 -.17
2 1 ,65 .62 . 6 9 .58 . 3 4 .54 .45 .25 .52 -.31 - . 2 6
3 1 .47 .54 .41 .27 . 5 4 ,46 .07 .12 .27 .16
4 1 .53 .52 .32 .48 .41 -.17 .35 . 3 2 -.21
5 1 .55 .26 .35 .41 .36 .29 .55 .02
6 1 . 3 6 .37 .14 .17 .03 .26 - . 3 9
7 1 . 3 0 .30 .02 .31 .20 - . 2 9
8 _L .67 -.13 .24 .19 - . 2 2
9 1 -.03 .29 .11 -.05
10 1 .38 .45 .10





CORRELATION BIATRICES OF INDEPENDENT 
VARIABLES AND POST-TESTS
Group M





















































X .5927 .4958 .6013
2 .5504 .5093 .5376
3 .5366 .4109 .5539
4 ,5811 .6192 .4888
5 .4296 .4186 .4886
6 .5035 .4891 .5289
7 .5913 .4846 .6705
8 .7297 .6203 .7603
9 .5076 .4103 .5918
10 .0726 .0823 .1082
11 .2692 .2264 .2772
12 .2960 .2337 .2965
13 -.2053 -.1841 -.2034
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Main Effects
The post-test data and the values of the t and F tests
—  —  2 2 for testing = X_ and çj— _ = cr-_ are given in Table 6.il s o in




Group Mean t d.f. N S F d.f.
S 23,14 .580 56 28 8.81 .646 27, 30
M 21.63 30 10.96
Computation
S 16.143 .765 56 28 5.448 .626 27, 29
M 14.900 30 6.885
Story Problems
S 7.143 .405 56 28 3.875 1.020 27, 29
M 6.733 30 3.835
Interaction
Tables 7-45 in Appendix D show the regression analysis 
of the independent variables to the post-tests. The points 
and the regression equations were plotted using the I.B.M, 
1130 Plotter. Page 55 gives a description of the variables 
and the statistical tests used. The "crossover point," the 
F test for equal variances and the t test for equal regres­
sion coefficients were not computed for values unless at 
least one of the regression coefficients was significantly 
different from zero.
The null hypothesis, Ho (b^  - 0), was rejected at
(P = .05) for all the S.A.T. scores and the mental age score
from the Otis-Lennon for both groups on all post-tests. The
null hypothesis, Ho (b. = 0), was accepted at (P = .05) for
the Torrance tests scores for both groups on all post-tests.
All tests for homogeneity of variance Ho (S^  _ \
bm *■ bs '
were accepted at (P = .05).
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Null Ho ("bg = b^ ) was accepted at (P = ,05) with one 
exception. That exception indicated significant interaction 
between the teaching methods and Arithmetic Computation 
skills,
Reported Values and Computational Procedures 
For Interaction by Regression
r-“~The correlation betv/een the independent and 
dependent variables for the two groups,
a-— The "Y intercept” for the regression equation 
of the two groups,
b The regression coefficient or slope of each of
the equations,
n— The number of pairs used in computation for 
each group,
— The standard error of regression coefficient.
The test for b = 0 from Hays is : yx
^ _________
Sx^n - 2 (31:505)
From the Scientific Subroutine MISR (see Appendix C);
, /'V  - ^\.x) .
(n - 2) " V  (n - 2)
Since Sy./ = s /  (1 -
®by.x ^V (n - 2)
as taken from MISR.
The hypothesis b^ = b^  was tested by an F test in the 
analysis of covariance as reported in Snedecor and
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Cochran. (53«^ 32) However, to make use of the output of 
the Subroutine MISR and since t^  = F when only two treatmer 
are used, a t test was used with pooled error term:
^ pooled “ bm
b b.s
pooledpooled
The assumption of homogeneous variance is necessary in this 
case and was tested using the F test.
Multiple Regression Analysis
The multiple regression analysis was done on the IBM 
System 36O using the Edstat Package "Regran." (63:295)
A stepwise regression indicated Variable 7» S.A.T. 
Arithmetic Computation, was the best single predictor for 
Group M's post-test score in computation. Variable 8, S.A.T. 
Arithmetic Concepts, was the best predictor for the post­
test computation score for Group S. The addition of any 
other variables failed to significantly increase the predic­
tive efficiency. Therefore, simple regression equations 
were used to predict future outcomes (see page 63).
Although no significant interaction was detected be­
tween any independent variable and the post-test total or 
applications, a stepwise multiple regression was done on 
these scores. Single predictors were again accepted for the 
post-test total using the same predictors as in the computa­
tion scores, i.e.. Variable 7 to predict Group M and 
Variable 8 to predict Group S.
Multiple regression equations were significantly more 
efficient to predict the outcome of the post-test application 
problems. Variables 6 and 7, S.A.T. Language and Arithmetic 
Computation scores, proved to be the best pair of predictors 
for Group M. These two variables were significantly better 
than Variable 7 alone at (P = .0042). No other variable
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significantly increased the predicting efficiency in the 
presence of these two variables at (P = .05)» The multiple 
regression equation to predict the application score is:
^  = -8.8740 + .1713X5 + .3177Xy .
The multiple correlation for this equation is ,8108,
For Group S, Variables 8 and 9, S.A.T, Arithmetic Con­
cepts and Otis-Lennon Mental Age, were significantly better 
predictors than Variable 8 alone at (P = ,0038). No other 
variable significantly increased the predicting efficiency 
in the presence of these two variables at (P - .05), The 
multiple regression equation is:
= -6.9053 + ,2658Xg + .2596%^  .
The multiple correlation for this equation is .8825.
The use of these multiple correlation equations should 
be approached with caution since their efficiency approaches 
the reliability of the post-tests. Following the suggestion 
of Dr, Wo Alan Nicewander, Professor of Psychological Test­
ing and Statistics, University of Oklahoma, the Lord-
2
Nicholson estimation of the cross-validated (Rho) in the 
population was computed for both post-test computation and 
applications. The high positive values computed for Rho ( (P ) 
indicate that the regression equations will be good pre­
dictors in any sample dravm from populations similar to those 
in the present study.
Assume a random regression model;
Est (9)2 - 1- N - 1 . N - 2 . N + 1 (1 - r2)
N-n-1 N-n-2 K
where N = sample size, n = number of predictors.
Post-Test Computation
Group M: Variable 7 (S.A.T. Arithmetic Computation)
was the best predictor with R = .7460, N = 30 and n = 1.
then
= ,50779 and P = .7126
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Group 3: Variable 8 (S.A.T. Arithmetic Concepts) was
the best predictor with R = «6203, N = 26 and n = 1.
= -6203') then
= .30556 and P =  .5528 
Post-Test Applications
Group M; Variables 6 and 7 (S.A.T. Language and
Arithmetic Computation) were used with R = .8108, N = 30
and n = 2.
 ^ " 22 . 28 . 31
#  ^  ^
5905 and P = .7684
P = 1 - #  . 28 . g  (1 - .8108'^ ) then
Group S: Variables 8 and 9 (S.A.T. Arithmetic Concepts
and Otis-Lennon Mental Age) were used with R = .8825, N = 26 
and n = 2.
e' = 1 - II . II . II (1 - .8825^ ) then
= .7276 and f = .8530
CHAPTER V 
CONCLUSIONS AND RECOWffiNDATIONS
Summary of the Findings
Four hypotheses, as listed on page 5i were tested.
Ho 11 There is no difference between the two 
teaching methods in achievement in com­
putational skills and application as 
measured by the post-tests in multi­
plication and division.
This hypothesis was accepted at (P = .05). The mean of 
the scores in Group S was higher but not enough to be sta­
tistically significant. The values for this test are found 
in Table 6, page
Hypotheses II-IV were evaluated using the following 
procedures (see page 4]);
I f ^  = Ag + bgXa \  *  V a  Simple
regression equations from aptitude A to the achievement 
scores for Group S and M respectively, the null hypothesis
Ho (Interaction)I No interaction exists be­
tween the teaching methods 
and the scores on aptitude 
A
was rejected if and only if the following were satisfied:
1. The regression equations intersected within
the range of the independent variable and
2. The hypothesis that b^ = 0 or b^  = 0 was
rejected at (P = .05) and
3. The hypothesis that b = b^  was rejected
at (P = .05). ® ®
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Ho III No interaction exists between teaching 
methods and mental ability as measured 
by the Otis-Lennon Mental Ability Test.
This hypothesis was accepted. The regression coeffi­
cients of the two groups were both significantly positive 
indicating this is a good predictor for achievement but the 
coefficients were not significantly different from each 
other (see Tables 31-33» pages 106-108).
Ho III; No interaction exists between teaching 
methods and scholastic achievement 
scores as measured by the Stanford 
Achievement Test.
The hypothesis was tested separately for each of the 
eight S.A.T. scores. All of the regression coefficients 
were significantly positive with the post-tests for both 
groups. The null hypothesis of no interaction was accepted 
in all but one instance. The null hypothesis was rejected 
for Variable 7, Arithmetic Computation, on the post-test for 
computation. The regression coefficients were significantly 
different and the point of intersection was in the range of 
the dependent variable (see Tables 7-30; pages 82-105),
Ho IVi No interaction exists between teaching 
methods and various forms of creativity 
as measured by the Torrance Test of 
Creative Thinking,
The null hypothesis was accepted for all four scores in 
the Torrance test with the post-tests for computation and 
application. The regression coefficient was not signifi­
cantly different from zero in any test (see Tables 34-45, 
pages 109-120).
General Observations
The procedures as set forth in Chapter III were followed 
with respect to teaching methods. Both methods appeared to 
be acceptable for teaching the topics covered. The average 
score for computation was over 6C per cent for the two 
groups, and Group M had seven students with a score above
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90 per cent, while Group S had five. The average score for 
applications was considerably lower than the computation 
score. The mean for each group was under 50 per cent with 
only one student scoring above 90 per cent.
This study, in conjunction with other studies on this 
grade level and topic, indicates that use of concrete teach­
ing aids is not as valuable as it is for lower grades or 
for teaching addition and subtraction.
There are a number of possible explanations for this. 
The concrete applications of addition and subtraction are 
quite simple and obvious to a child. However, in multipli­
cation the number of pegs or pebbles required for all but 
the simplest problems is quite large and the student pos­
sibly loses sight of the concept to be learned in the maze 
of objects. The significant interaction which indicated 
that only the better students benefited from manipulation 
seems to support this explanation.
Since the textbook made use of pictures and charts. 
Method S may be considered a combination of an abstract 
method and a semi-concrete method. Eight studies in the 
review of the literature compared active concrete methods to 
passive concrete or semi-connrete methods. This study and 
five of those revie^ 'ed indicated no significant differences. 
One study, Trueblood's, had the semi-concrete group margin­
ally superior to the concrete group on one test, Ekman's 
study indicated that the concrete group was significantly 
higher than the mean of the serai-concrete and abstract 
groups. The active group in Curry's study scored higher 
than the passive group on a test that involved raanipulation 
of objects on which the passive group had no experience.
This evidence seems to indicate that use of multi- 
sensory manipulation does not lead to better computational 
skills or vmderstending for the over-all sample when com­
pared with the use of teacher demonstrations or semi­
concrete devices in which the sense of sight is the primary 
sense stimulated.
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In the summary of related research, page 28, it was 
stated that the evidence indicates concrete aids do bene­
fit children in the lower levels in which the primary 
mathematics topics are addition and subtraction. Only two 
studies, those of Gibb and Curry, compared a concrete method 
to a passive or serai-concrete method. Neither of these two 
studies showed a significant difference; however, both 
showed the concrete group's mean score was lower than the 
other group's mean score on computation. It would seem 
that more research is needed in this area.
Significant Interaction
The significant interaction between computational 
ability of the students and teaching methods in this study 
is not consistent with general results of other studies. 
Johnson's study, and others, indicate the use of concrete 
aids to be of benefit for slower students. Data accompany­
ing the Moody et, al. study revealed a smaller variance for 
the activities group which may be interpreted as possible 
interaction. In the present study, however, the symbolic 
group had the smaller variance, Although the outcome of this 
study is unusual, it is not unique; Lucow's study indicated 
the Cuisenaire method may be of more benefit to children of 
average or above average intelligence.
Possibly the interaction can be explained by further 
examination of the teaching methods. The textbook for the 
course stressed teaching for understanding: "... they
(the student^ learn much more quickly and effectively when 
the teaching method is based upon a conceptual approach that 
emphasizes the discovery and understanding of ideas," (23:V)
The lessons plans for the concrete aids were written as 
nearly as possible to fit the lessons presented in the book. 
To equalize the amount of time given for instruction, stu­
dents in Group S spent more of their time in drills or 
completion of exercises presented in the book. It may be 
that the better students benefited more from the extra time 
spent in teaching for understanding by manipulative devices
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while those students with less ability were helped more with 
extra drill and memorizing. As mentioned before, the nature 
of multiplication tends to lead to large numbers and slow 
students may become lost in or frustrated with a large 
number of objects.
While a significant interaction between teaching methods 
and aptitudes in general is of interest, it is especially 
significant because the computational aptitude had the high­
est average correlation with the post-test score (.63).
Assuming different outcomes of this study are due to 
different teaching methods, then future classes of this type 
would be divided according to the regression analysis on 
S.A.T. Arithmetic Computation scores. The students above 
the crossover point, 33 (see Table 26, page 101), would be 
assigned Method M and those with 33 or less would be assigned 
Method S. Regression equations could be used to predict the 
outcome.
As an example, suppose this had been done for the stu­
dents in the sample. Thirteen of the students in Group M 
had S.A.T. Computation scores greater than 33 and their 
average grade on the post-test was 19.38^6. Eleven students 
in Group S had more than 33 on the S.A.T. Computation and 
would be assigned to Method M. Using the regression equa­
tion Y = -7.3366 + .7339 (Xy), the mean score of these 11 
students on the post-test would be predicted at 20,08^3'
The predicted mean of the group assigned to Method M would 
be 11 (20.0845 + 13 (19.3846) _
24
Using the same procedures for predicting scores for the 
simulated Method S, 16 students in Group S had scores less 
than or equal to 33 on the S.A.T. Computation and their 
actual mean was I3.62 in the post-test.
Seventeen students in Group M should be assigned to 
Method S as they scored 33 or less in S.A.T. Computation.
The multi-regression analysis has shown Variable 8, the 
S.A.T. Arithmetic Concepts score, to be the best single pre­
dictor for Method S. Using the mean score of the 17 students
6!^
in Group M on Variable 8 and the regression equation
8,6381 + ,3346 (Xg), the mean predicted for Group M if 
given Method S is 14,42, The over-all predicted mean of 
the group given Method S would be 14,0324,
Pooling the means of the two groups, a mean of 16,49 
would be predicted. The actual pooled mean of the two 
groups was 15.31*
While the difference is small, the distribution of both 
groups is clustered around the score of 33* However, since 
the interest is in developing teaching methods to suit indi­
vidual students, the following examples are cited. Three 
students had scores over 40 in the S.A.T. Arithmetic Compu­
tation, averaging 41, A score of 22,7 in the post-test 
would be predicted ii these students were given Method M and 
a score of 19.5 in Method S, At the other end of the spec­
trum, an Arithmetic Computation score of 10 is about the 
mean for the lower one-fourth of the total sample and a post­
test score of 0 would be predicted if the students were 
given Method M (a score actually received in this group) 
while a score of 8 would be predicted in Method S,
Teacher’s Impression
The teacher felt there was a definite Hawthorne Effect 
at the start of instruction. The students in Group M were 
eager to use the teaching devices and those in Group S 
seemed jealous. However, these feelings subsided in time 
and seemed to disappear before the end of the course.
As the teacher was impressed with the use of aids, she 
felt she would use them again. She especially liked the 
counting boards and v/as anxious to use them for instruction 
in addition and subtraction.
Limitations
The experiment v/as conducted in a middle-class suburban 
area and all the students appeared to be white.
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Both teaching methods were conducted hy the same 
teacher, therefore the question of existence of interaction 
between teaching methods and teachers was not tested.
After the experiment, the students returned to their 
regular classes and teachers. Since further multiplication 
instruction was given, no attempt was made to evaluate 
retention.
The size of the sample was adequate to detect any dif­
ference between the means and variances of the two groups 
and to test for interaction by the simple regression equa­
tion, However, the sample was too small to accurately 
evaluate higher order interaction by multiple regression or 
to determine if the regression was non-linear.
The time spent learning to add and subtract on the 
counting boards prior to start of instruction on multipli­
cation was not adequate. Therefore, part of the time in­
tended for instruction was used to develop this skill.
The computational ability shown on the Stanford 
Achievement Test was not typical. The mean score of the two 
groups was in the national sixty-eighth percentile.
Recommendations
The only significant difference detected in this study 
was interaction between previous computational ability and 
computational skills developed by the teaching methods.
This significance was accepted at (P = .05) but would have 
been rejected at (P = .01). The procedures should be re­
peated to check the significance and to remove the limita­
tion of results.
However, since the crossover point for the interaction 
was above the mean, this would indicate the greatest dif­
ference between the methods is found at the lower levels. 
Therefore, this study indicates that third-grade students 
of low arithmetic ability will benefit more from the teach­
ing procedures used in Method S than from working with 
manipulative devices to stress concepts. The incorporation
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of concrete exercises as done in this study does seem to 
"benefit the "better students in third grade and may be appro­
priate for instruction in fourth and fifth grades in classes 
of multiplication.
Recommendations for a Replication of the Study
1. The experiment should be started at the be­
ginning of instruction in third grade and 
the teaching devices, especially the count­
ing boards, should be used during the 
instruction on place value, addition and 
subtraction, as well as multiplication.
2. The size of the experiment should be in­
creased to include at least three teachers, 
each teaching a class of each treatment.
This would allow for testing variance of 
teachers and interaction between teachers 
and teaching methods.
3» The selection of a sample should include a 
wide range of socio-economic and racial 
backgrounds.
4. Some method of checking long-range effects 
should be incorporated,
5. A sample size of 100 or more in each group 
should be used and a multiple-regression 
analysis done to evaluate higher order 
interaction.
APPENDIX A 
SAMPLE LESSON PLANS— METHOD M
Topicj One and Zero in Multiplication^
Pages 9^97
Concept: 3 x 1 = 3
Place one peg in the first position of each of three 
rows on your peghoards. What multiplication problem 
represents this display? 3 x 1  The answer is 3.
Turn your boards to make one row. What multiplication 
problem is represented now? 1 x 3  What is the answer? 3 
Do problem 1, A and B on page 96 in your books 
( 9 x 1  = //// and 1 x 9  = ////)• First, set up the problems 
on your pegboards and then work the multiplication problem. 
Who can answer this question: The product of any
number and one is ?
Concept; 2 x 0 = 0
Remove everything from your egg cartons.
Look in the first two cells of the carton. Write the 
multiplication problem. 2 x 0  What is the answer? 0 
Look in all 12 cells and write the multiplication 
problem, 12 x 0 What is the answer? 0 If you looked in 
every cell of each carton of all the students in the room, 
your equation would be 396 x 0, What would the answer be?
0 What is the answer for n x 0 for any number n? 0 
Have the students do problems in their books for the 
rest of the period.
The lesson plans were written so the teacher could 
read the instructions to the students if she wished. The 
teacher and the author went over the lesson plans prior to 
presenting them to the class and the teacher generally pre­
sented them in her own words,
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Topic» Grouping Principle for Multiplication 
(The Associative Property!
Pages 100-101
Concept» 2 X (3 X 5)
Have the students work in pairs to represent 
2 X (3 X 5).
Each student place 5 pebbles in each of 3 cells of your 
egg carton. What multiplication equation is represented in 
your carton? 3 x 5 = 15 Put all the pebbles in the 3 cells 
in just 1 cell.
Place your carton beside your partner*s carton. What
equation is represented? 2 x 15 How many pebbles in both
cartons? jO Add if you have to.
We have just represented and solved 2 x (3 x 5)» We
put the parentheses around the numbers that we multiply 
first.
Concept» (2 X 3) X 5
Again, put 5 pebbles in each of 3 cells of your egg 
cartons. Place your cartons beside those of your partners. 
How many cells have pebbles in them, adding both cartons 
together? 6 Think» Two cartons of three cells each.
What is the equation? 2 x 3 = 6
If you have 6 cells with 5 pebbles each, what equation 
does this represent? 6 x 5 = 30 You have solved 
(2 X 3) X 5» How did your answer compare with your answer 
in the first problem?
Open your books to page 100 and do the problems in 
No, 1.
69
Topic» Find the Missing Factors 
Page TIE
Do Review Problem 1 before starting in the book. With 
the pegboards arrange 3 rows of 4 pegs each. How many pegs 
do you have in all? ^  What is the equation? 3 x 4 = 12 
Arrange 6 rows of 3 pegs each. How many pegs in all? 18 
What is the equation? 6 x 3 = 18 Arrange 4 rows of 5 pegs 
each. How many pegs are there altogether? ^  What is the 
equation? 4 x 5 = 20
Now, find the missing factor n x 2 = 10. Count out 
10 pegs. Make rows of 2 pegs each until all 10 pegs are 
used. How many rows did you make? What is the missing
factor in n X 2 = 10? 5
Count out 7 pegs. Place the same number of pegs in 
each row of 7 rows until all the pegs are used. How many 
pegs are in each row? 1 What is the missing factor in 
7 X n = 7? _1_
Let's find the missing factor in 6x n = 18. Count 
out 18 pegs. Place the same number in each of 6 rows. (Note 
to teacher» You might demonstrate this first by putting 1 
in each row, then 2, then 3«) What is the missing factor in 
6 X n s 18? 3
(Note to teacher» Do the following using the egg 
cartons.) Count out 30 pebbles; put 5 in each cell of your 
egg cartons until all the pebbles are used up. How many 
holes have pebbles in them? 6 Find the missing factor in 
n X 5 - 30. 6
Count out 12 pebbles. Put the same number of pebbles 
in each of 3 cells in the egg cartons. How many pebbles are 
in each of the cells? 4 Find the missing factor in
3 X n = 12-3 _^
See if you can find the solution to the following prob­
lem using the egg cartons» 4 x n = 20. 4 cells of 5 pebbles 
each. (Note to teacher: If some of the students solve the
problem by 5 cells of 4 pebbles each, you can point out that 
5 sets of 4 gives the equation 5 x 4 = 20, We know from the 
order principle on page 98 that 5 sets of 4 has the same
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num'ber of elements as 4 sets of 5 or 5 x 4 = 4 x 5» )
Do the problems on page 118 in the book and 119 if you
have time.
Topic: Introduction to Division
Pages 136-137
Count out 12 pebbles. Place 4 in each cell of your 
egg cartons until all 12 pebbles are used up. How many 
cells have 4 pebbles in them? 3 We think 3 fours in 12, 
and write 12-5- 4 = 3» and say 13 divided by 4 equals 3» 
(Note to teacher: Point out that 3 x 4 »  12, etc,)
Count out 20 pebbles. Place 5 pebbles in each cell of
your egg cartons until all the pebbles are gone. How many 
cells have pebbles in them? 4 We think 4 fives in 20, 
write 20 -f- 5 = 4 and we say 20 divided by 5 equals 4,
Finish the problems on page 137 until the end of the 
period. You may use your egg cartons if you wish.
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Different Ways to Think of Division 
Pages
Concept; Three Ways to Represent 1$4- 3
Arrange 15 pegs on the pegboard in 3 rows. How many 
pegs are in each row? 5 Circle each column of 3» How 
many 3*s are in 15? 5
Put the representation of 15 on your counting boards,
1 in the "10” and 5 in the "1.” Subtract 3 from this set. 
How many pebbles do you have left? 12 Write a subtraction 
equation for this, 15 - 3 = 12. What do you have to do 
before you can subtract 3 more pebbles? Borrow 10 from the 
"10" place. Continue subtracting 3, writing the equation 
each time you do. 12 - 3 = 9, 9 - 3 = 6 . 6 - 3 = 3 . 
3 - 3 = 0  How many 3's in 15? 5 Answer this equation;
15-r 3 =
Count out the 15 pebbles again. Arrange them in the 
first 3 cells of an egg carton, placing the same amount of 
pebbles in each cell until all the pebbles are gone. How
many pebbles are in each cell? 5 Write this as a missing
factor multiplication problem, n x 3 = 15» and as a division
problem, 15-r 3 = 5»
Finish the exercises as time allows.
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Topic; Multiplication by 10 
Pages 210-211
Count out 10 sets of 2 pebbles each and place them in 
the "1" place on your counting boards• What multiplication 
problem is represented? 10 x 2 Now add,^  What is the
answer? ^  Write the equation. 10 x 2 = 20
Place ten-31*s on your counting boards. What multi­
plication problem does this represent? 10 x 31 Now add. 
What is the answer? 310 Write the equation. 10 x 31 = 310
(Repeat the process using 10 x 240.)
Put the answer to this problem, 10 x 397, on your 
counting boards without adding. What is the answer? 3.970 
Do some of the problems in the book as time permits.
The children were familiar with the instruction "to 
add," which meant to count the number of pebbles in each 
place, starting with the "1" place. If there were more than 
10 pebbles, the children would pick up 10 pebbles and carry 
1 to the next place-
2
To represent 31 on the counting board, 3 pebbles were 
put in the "10" place and 1 pebbles in the "1" place.(see 
page 37).
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Multiplication of One-Digit 
By Three- and Four-Digit Numbers 
Pages 234-237
Multiply 123 X 4 on the counting boards by placing four 
123's on the counting boards and adding. Count out the 10 
one's and carry 1 to the "10," What is the answer? 492 
Repeat by multiplying 4 x 3  and adding. Leave the 12 on the 
boards, then add four 20's and four lOO's; count up the 
final answer, (Note to teacher: This will stress that four
123's is the same as 4 (3) + 4 (20) + 4 (100).)
Multiply 2,715 X 2 by placing 2,715 on the counting 
boards and 2,715 again. The answer is 5,430, Repeat by 
placing 2 X 5 = 10 on your counting boards, (Note to 
teacher: Let them do the multiplication in their heads and
place only answer 10 on their counting boards,) Now place 
the answer to 2 x 10, or ^ O, on your counting boards. Next 
place the answer to 2 x 700, or 1,400, on your counting 
boards, (Note to teacher: They might place two 700's on
their boards and add,) Now place the answer to 2 x 2,000 on 
your counting boards, 4,000, Add up the total on your 
counting boards. What is the answer? 5,430
(Note to teacher: Continue as in the book,)
APPENDK B 
PRETEST AND POST-TESTS 
Test A— Pretest
Find the products t
(1.) 7 X 8 = ____  (2.) 3 x 9  =   (3.) 6 x 6
(4.) 47 (5.) 36
X 4 xl2
Find the missing factor;
(6, )  I I X 3 = i 5
Find the quotient;
(7.) 24f  6 = ____
Solve these problems :
(8.) A football team scores 4 touchdovms. Each touchdown
is 6 points. How many points were scored?_________
(9,) You have 48 books stored in boxes. There are 6 books
in a box. How many boxes are there?______________
(10.) A farmer has 8 dozen eggs. There are 12 eggs in a
dozen. How many eggs does the farmer have?________
Find the product;
(11.) 5 x 4  =   (12.) 2 x 8  =____




Find the missing factor:
(16,) 6 xEZl= 4-2
Find the quotient:
( 17. )  <S34r  9 = _____
Solve these problems :
(18,) Each Cub Scout ate 5 marshmallows. There were 7 Cub 
Scouts, How many marshmallows were eaten?_________
(19.) If there are 7 rows of desks in your school room and 
there are 42 desks in all, how many desks are in each 
row?____________
(20.) How much will it cost to buy 24 stamps if they cost 




(1.) 7 x 9  =   (2.) 6 x 8  =_____
(3.) 46 (4.) 62 (50 138
x_4 x_2 2 L i
(6.) 432 (7.) 25 (8.) 46
2Li 2^ 2 x28
Find the missing factor:












274r 3 = ____  (12.) 404- 8 =_
these problems.
A football team scores 6 touchdovms. Each touch­
down is 6 points. How many points were scored?__
You have 45 books to store in boxes. If there are 
9 books in a box, hov; many boxes are needed?_____
A farmer has 7 dozen eggs. There are 12 eggs to a 
dozen. How many eggs does the farmer have?______
Each Cub Scout ate 9 marshmallows. There were 7 Cub 
Scouts. Hov/ many raarshmallov/s were eaten?_________
If there are 6 rows of desks in your school room and 
42 desks in all, how many desks are in each row?____
How much will it cost to buy 28 stamps if each stamp 
costs 7 cents?___________
I have 45 cents and candy bars are 5 cents each. How
many candy bars can I buy?___________





(1.) 8 x 6  =   (2.) 3 x 7  = _____
(3.) 59 (4.) 23 (5.) 243
x_i x_i
(6.) 241 (7.) 36 (8.) 64
2LÉ ^  A Z
Find the missing factor:
(9.)[I]x 9 = 72 (10.) 5 xL] = 40
Find the quotient:
(11.) 24-r 4 =   (12.) 49^ 7 = _____
Solve these problems :
(13.) Each baseball team has 9 players. There are 5 teams
in the Little League, How many players in the league?
(14.) There are 30 students going on a field trip. In each
car there will be 5 students. Hov; many cars are
needed for the trip?___________
(15') Each girl in the Brownies has 8 badges» There are 6
girls in the Brownies, How many badges do they
have altogether?___________
(16e) If each bag holds 14 apples and I have 8 bags, how
many apples do I have?____________
(17.) If I have 63 books to store in boxes and there are 9
boxes, how many books will I put in each box?______
(18.) How much will it cost to buy 37 pencils if each
pencil costs 6 cents?____________
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(19*) I have 48 cents and apples cost 8 cents each. How
many apples can I buy?__________
(20,) There are 12 eggs in a dozen. How many eggs are 
there in 25 dozen?___________
APPENDIX C 
SCIENTIFIC SUBROUTINE MISR
This subroutine computes means, standard deviations, 
third and fourth moments, correlation coefficients, 
regression coefficients, and standard errors of 
regression coefficients when there is missing data. 
Effective sample sizes are also provided. Missing 
observations or certain values of the data can be 
skipped at the user's option. The computational 
steps are as follows:
1. Compute means:
E
X . s 1
^ n
where j = 1,2,.,., m implies variables
n sz number of nonmissing values for the jth 
variable
2. Compute sums of cross-products of deviations 
from means for complete sets of ith and jth variables :
/
n





CX= 1 (X = 1
n'
where x., x . = means of ith and jth variables com-
 ^ puted as above
n* = number of sets where the ith and jth
variables are both present
79
80
3» Compute product-raoment correlationsi 
^ij = — ^ -----
4, Compute regression coefficients, intercepts, 
and standard errors of regression coefficients :
ith variable as independent and 
jth variable as dependent:
Ç
Regression coefficient: b. . = ij
s,i
Intercept: a, . = X . - b. .x.
«1J J 1J 1
Standard error regression coefficient:^
s. =ijiJLfi£ia
ij (n* - 2)
5. Compute standard deviations:
f ï ~
where n = number of nonmissing values for jth variable 
(34:33-34)
^Careful reading of the program indicates that the 
values __________
Sb.. = / t n S :
ID V  (n‘ - 2)
APPENDIX D
REGRESSION ANALYSIS OF THE INDEPENDENT 















0 5 10 1 5 c0 S 3 O S 4 O  45 50 55
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t for 
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S.A.T. SCIENCE AND SOCIAL SCIENCE
r a b N !b
S .5366 7.1240 .9624 26 .3089
M .3091 10.5553 .6391 30 .3716
t for 
b = 0
X at F for . . 
Cross- 2 / 2  ^
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X at F for , . „ 
% : : "
3.1571 .2581 27 .0921 2.8023 18.3 1.777
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0 10 20 30 40 50 GO 70 80 90 100
N
S.A.T. WORD STUDY
X at F for ^ . 
q t for Cross- _2 /„2 , ,
b = 0 over ^s=^n
S .4296 11.2157 .3261 27 .1371 2.3785 87.0 1,289
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over s' m s" m
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X at F for  ^
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over b' m s r.
S .<289 ,8253
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X at F for  ^for
r a b N fb
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b = 0
Cross- 2 /g2 
over s' m
S .5913 -.5972 .7601 27 .2074 3.6648 32.11 1.660
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X at F for , 
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over s' m  s" m
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X at F for 
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t Croa3-g2ys2 ,
a b N %b over m
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S .4103 8.2315 .1715 28 .0766 2,2389 50.7 .591












0 10 20 SO 40 50 SO 70 GO 90 100 110 120
OTIS-LENNON rSNTAL AGE
r a





X at F for , . 
Cross- 2/2
over s' in s“ m
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TORRANCE CREATIVE FLUENCY
r a b N !b
s .0726 19.3190 .1106 27 .3038
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t for 
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S .0823 13.6505 .0755 27 .1829 .4127 52,8



















0 5 10 15 20 25 30 35 40 45 50 55 GO G5 70
TORRANCE CREATIVE FLUENCY
r a b N !b
S .1082 4.9156 .0717 27 .1317
M -.0772 8.5731 -.0570 27 .1470
X at F for + . 
t for Cross- „2/„2 ^
b = 0 over "s= r.
.5441 28.4













X F for* + . I
t for Cross- „2 -2 ?
r a b N fb b = 0 over
s .2692 13.7288 .4866 27 .3482 1.3974 16.246
M -.0 0 2 9 21.7562 -.0075 26 .5210 -.1439
a, b
from zero.
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S .2264 11.4145 . 2466 27 .2122 1.1621 12.40
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TORRANCE CREATIVE FLEXIBILITY
X at Ffor't 
o t for Cross- _2/_2 , ,
Sb b = 0 over S'/S"r a b N _______________
S .2772 3.0916 .2179 27 .1511 1.4420 17.66
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TORRANCE CREATIVE ORIGINALITY
r a b N !b
S .?Q60 15.3R10 27 .1405
M .1724 17.3671 .1349 27 .1541
X at F for^ . b
t for Cross- „2 ,«2 ^
b = 0 over ^s/^m ^s=“r.
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0 10 20 30 40 50 GO 70 GO 90 100 110
TORRANCE CREATIVE ORIGINALITY
X at F for&
r a b N !b
S .2337 12.4793 .1036 27 .0862
M ,2309 11.2235 .1146 27 .0966
a, b 
from zero
Reported only if \
t for 
b = 0















0 10 20 20 40 50 GO 70 80 90 100 110
TORRANCE CREATIVE ORIGINALITY
r a b N !b
s .2965 3.9210 .0949 27 .0616
M .0592 6,1436 .0202 27 .0682
X at F for ^  h
t for Cross- „2 , 2 ? 
b = 0 over s' m s" m.
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O 10 20 30 40 50 GO 70 60 30 100 110
TORRANCE CREATIVE ELABORATION
r a b N !b
S -.2053 27.7087 -.1548 27 .1476
M -.0385 22.8234 -.0384 27 .1992
X at F for ^  ^ 
t for Cross- 2/ 2 ^ °
 b = 0 over s' m s" m
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TORRANCE CREATIVE ELABORATION
r a b N !b
S -.1841 18,6674 -.0836 27 .0893
M -.0034 14.8833 -.0021 27 .1265
a, bReported only if b^ or b_
from zero s m
X at F for^ ^  „ J 
t for Cross- ^2/„2 "











r a b N
t for 
b = 0
X at F foA .  f._b
c T '
s - .2 0 3 4 9.2984 - .06 6 7 27 .0642 1.3084 44.2
M - .0 8 3 2 7.9401 -.0362 27 .0868 -.4170
a, b
:ron zero.
Reported only if b or b is significantly different
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